
The Quotient Singular Value Decomposition

(Van Loan, Paige and Saunders)

Let A,B ∈ IRm×n,m > n∗, CT [AT BT ], and

k = rank(C). Then there exists unitary U, V ∈
IRm×m and diagonal matrices ΣA,ΣB so that:

A = UΣAP
T , B = VΣBP

T

and

ΣA =

 IrA
SsA

Ok−(r+s)
A

 ,ΣB =

 Or
B

SsB
Ik−(r+s)
B



First r cols of P : Row(A)
⋂

Null(B)

Next s cols of P : Row(A)
⋂

Row(B)

Remainder: Null(A)
⋂

Row(B)

Stationary pts to
xTATAx

xTBTBx

∗Only require A ∈ IRm×p, B ∈ IRn×p
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Joint Diagonalization and Generalized

Eigenvectors

If A full rank- generalized evecs= 2 evec comps

(commonly done in practice):

Joint Diagonalization of ATA, BTB:

Let ATA = ΦΘΦT

Take B̂ = BΦΘ−1/2 (Whitening)

Take B̂T B̂ = ΨΛΨT

Joint Diagonalizer: ΦΘ−
1
2ΨT , since:

ΨΘ−
1
2ΦTATAΦΘ−

1
2ΨT = I

ΨΘ−
1
2ΦTBTBΦΘ−

1
2ΨT = Λ
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Application 6:

Max Noise Fraction for Time Series∗

Let Xt×n be a multidimensional time series

contaminated with noise:

X = S +N

Assumption: XTX = STS +NTN

Goal: Find a splitting set, {ψi}i=1n so if

Ψ1 = {ψ1, . . . , ψr} ,Ψ2 =
{
ψr+1, . . . , ψn

}
then:

SΨ1 = Ŝ SΨ2 = 0
NΨ1 = 0 NΨ2 = N̂

Solution: Ψ1 are gen evecs of (S,N) at ∞, Ψ2

are gen evecs of (S,N) at 0.

PROBLEM: We don’t have N !
∗Kirby and Anderle
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Solve by estimating NTN ...

Define ∆· = ·(n+ 1, :)− ·(n, :)

Assumption: NTN ≈∆XT∆X.

Now we clean the data by maximizing the noise

fraction:

max
∆Xw 6=0

wTXTXw

wT∆XT∆Xw

which is performed by the generalized eigen-

vector routine...

Example: Data consisting of cos(t), sin(t) and

noise, with a random projection to IR3.
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