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The Directional Derivative

To measure the (instantaneous) rate of change of z = f(x, y) based at
(a, b) in the direction of unit vector u = (uy, u2):

Duf(3, b) = lim f(a+ huy, b+ huy) — f(a, b)
h—0 h
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The Directional Derivative

To measure the (instantaneous) rate of change of z = f(x, y) based at
(a, b) in the direction of unit vector u = (uy, u2):
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The Directional Derivative

To measure the (instantaneous) rate of change of z = f(x, y) based at
(a, b) in the direction of unit vector u = (uy, u2):

Duf (2, b) = lim f(a+ huy, b+ huy) — f(a, b)
h—0 h

We can think of this as:

Az
D,f = lim —
u im P

where

Az =~ dz = f,(a, b)Ax + f,(a, b)Ay = f(a, b)huy + f,(a, b)hu>
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Therefore, if z = f(x,y), the directional derivative of f at (a, b) in the
direction of unit vector u is:

d
Duf = lim Tz — f(a, b)uy + £, (a, b)up
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Therefore, if z = f(x,y), the directional derivative of f at (a, b) in the
direction of unit vector u is:
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Example:

Calculate the directional derivative of z = x2 + y2 at (1,0) in the direction
of i +J:
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Therefore, if z = f(x,y), the directional derivative of f at (a, b) in the
direction of unit vector u is:

d
Duf = lim 72 — f(a, b)uy + £, (a, b)up

Example:

Calculate the directional derivative of z = x2 + y2 at (1,0) in the direction
of i +J:
)

SOLUTION: f, =2x, f, =2y, u = (%7

Sl

Dyf(1,0) =
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Therefore, if z = f(x,y), the directional derivative of f at (a, b) in the
direction of unit vector u is:

d
Duf = lim 72 — f(a, b)uy + £, (a, b)up

Example:
Calculate the directional derivative of z = x2 + y2 at (1,0) in the direction
of i +J:
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Therefore, if z = f(x,y), the directional derivative of f at (a, b) in the
direction of unit vector u is:

d
Duf = lim 72 — f(a, b)uy + £, (a, b)up

Example:

Calculate the directional derivative of z = x2 + y2 at (1,0) in the direction
of i +J:

SOLUTION: £ = 2x, f, =2y, u= (75, 75)
Duf(1,0) = (2) (%) +(0) (iz) =V2
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NNSSS—.
The gradient of f.

A new function will give us a clearer picture of the directional derivative:



A new function will give us a clearer picture of the directional derivative:
The gradient of f.

Definition
The gradient of f(x, y) is denoted by V£, and is the vector

Vf = <fx(Xay)7 fy(va)>
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A new function will give us a clearer picture of the directional derivative:
The gradient of f.

Definition
The gradient of f(x, y) is denoted by V£, and is the vector

Vf = <fx(Xay)7 fy(va)>

or equivalently

Vf = fx(x,y)T—F @(Xa}/)j
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B
Example: f(x,y) = (x2 + 3y)e "’
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Example: Compute the gradient

Compute VT, if
f(x,y) = xe¥

fk=¢” iy = 3@

Therefore, VFf = (e, xe¥)

Example: Compute the gradient at the specified point

f(m, n) = 5m? + 2mn + 3n at  (5,2)
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Example: Compute the gradient

Compute VT, if
f(x,y) = xe¥

fk=¢” iy = 3@

Therefore, VFf = (e, xe¥)

Example: Compute the gradient at the specified point

f(m, n) = 5m? + 2mn + 3n at  (5,2)

fm(m, n) = 10m + 2n fo(m, n) = 2m + 9n?

V1(5,2) = (fm(5,2), f»(5,2)) = (54, 46)
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Recall that
Dgf(a, b) = fx(a, b)u1 + f;,(a, b)U2

Can we write this in terms of the gradient?(Hint: dot product)

Dzf(a, b) = Vf(a,b)-u
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Recall that
D;f(a, b) = f(a, b)ur + f,(a, b)uo

Can we write this in terms of the gradient?(Hint: dot product)
Dzf(a, b) = Vf(a,b)-u

Recall that

u-v=|u||V| cos(9)
Therefore,

Dyf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)
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-
Dzf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)

@ In which direction i should we move from the point (a, b) to give us
the largest increase in z?7
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-
Dzf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)

@ In which direction i should we move from the point (a, b) to give us

the largest increase in z?7
ANSWER: We should move in the direction of Vf(a, b).

o If we do that, what is the value of D;f?
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|
Dzf(a, b) = |Vf(a, b)||d| cos(8) = |Vf(a, b)| cos(H)

@ In which direction i should we move from the point (a, b) to give us

the largest increase in z?7
ANSWER: We should move in the direction of Vf(a, b).

o If we do that, what is the value of D;f?
ANSWER: |Vf(a, b)| = \/f)?(a, b) + £2(a, b)
WHY isn't it £2(a, b) + £2(a, b) (from the dot product)?

Remember!
U is a unit vector (If not, make it a unit vector) J
In this case,

. 1

b= (f(a, b), f,(a, b))

\/2(a,b) + £2(a, b)

March 5, 2009 8 /18



Dzf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)

@ In which direction & would give us the largest decrease in z?



Dzf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)

@ In which direction & would give us the largest decrease in z?
ANSWER: In the direction of —Vf(a, b)
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Dzf(a, b) = |Vf(a, b)||d| cos(0) = |Vf(a, b)|cos(h)

@ In which direction & would give us the largest decrease in z?
ANSWER: In the direction of —Vf(a, b)

@ In which direction ¥ should we move from the point (a, b) in order to
give us a zero increase in z7
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Dzf(a, b) = |Vf(a, b)||d| cos(8) = |V{(a, b)|cos(h)

@ In which direction & would give us the largest decrease in z?
ANSWER: In the direction of —Vf(a, b)
@ In which direction ¥ should we move from the point (a, b) in order to

give us a zero increase in z7
ANSWER: Move in the direction orthogonal to V£ (a, b).
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Dzf(a, b) = |Vf(a, b)||d| cos(8) = |V{(a, b)|cos(h)

@ In which direction & would give us the largest decrease in z?
ANSWER: In the direction of —Vf(a, b)
@ In which direction ¥ should we move from the point (a, b) in order to

give us a zero increase in z7
ANSWER: Move in the direction orthogonal to V£ (a, b).
This is along the level curve (so f does not change, and D,f should

be zero).
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Summary of the directions:
Imagine that V7 is fixed and & can rotate. Then:

Zero fz "/ ~ Max fz

# N,

// a | g %

I grad f\

! |

| I

\ !

\\ /

N /’
2 ]

Min fzase v gt Zeroify
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Example

The temperature at any point in the plane is given by

100
T(x,y)=

X2+y2—|—1
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@ What are the shape of the level curves of T7

100

—_ =k =
x2+y2+1
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Example

The temperature at any point in the plane is given by

100

Ty = o T

@ What are the shape of the level curves of T7

100 100

T k=" 1=x 2
x2+y2+1 k Xty

Only exists for k < 100

@ Where on the plane is the temperature the hottest?What is the
temperature there?
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Example

The temperature at any point in the plane is given by

100
Ten =iy

@ What are the shape of the level curves of T7

100 100
e SN AR T 2
2+ y2 41 = P X"ty
Only exists for k < 100

@ Where on the plane is the temperature the hottest?What is the
temperature there?
At the origin, the temperature is 100 degrees.
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Continuing, T(x) = 100/(x2 4 y2 4+ 1)
3. If you're standing at the point (3,2), what direction has the greatest
increase in temperature?
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Continuing, T(x) = 100/(x2 4 y2 4+ 1)
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Continuing, T(x) = 100/(x2 4 y2 4+ 1)
3. If you're standing at the point (3,2), what direction has the greatest
increase in temperature?We'll need the partials:

_ —200x T _ —200y
_(X2+y2+1)2 y_X2+y2+1)2
50 150 100
T.(3,2) = —— T, =——
(3.2) 49 Y 49

Therefore, the direction is:
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Continuing, T(x) = 100/(x2 4 y2 4+ 1)
3. If you're standing at the point (3,2), what direction has the greatest
increase in temperature?We'll need the partials:

_ —200x _ —200y
_(X2+y2+1)2 y_X2+y2+1)2
50 150 100
T.(3,2) = —— T, =——
(3.2) 49 Y 49

Therefore, the direction is:

VT(3,2) = —%«3,2)

This points back towards the origin!
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Continuing, T(x) = 100/(x2 + y2 + 1)
4. Find a direction at the point (3,2) in which the temperature does not
increase or decrease.
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Continuing, T(x) = 100/(x2 + y2 + 1)
4. Find a direction at the point (3,2) in which the temperature does not
increase or decrease.

Parallel to the level curve (T(3,2) =50/7)
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Continuing, T(x) = 100/(x2 + y2 + 1)
4. Find a direction at the point (3,2) in which the temperature does not
increase or decrease.

Parallel to the level curve (T(3,2) =50/7)

Orthogonal to the direction of the gradient
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Continuing, T(x) = 100/(x2 + y2 + 1)
4. Find a direction at the point (3,2) in which the temperature does not
increase or decrease.

Parallel to the level curve (T(3,2) =50/7)

Orthogonal to the direction of the gradient

<_27 3>

w
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Extending the Definition
Let w = f(x,y,z). Then
VF(x,y:2) = (fx,,2), f,(x,¥,2), (%, v, 2)) = i + ] + .k
and the directional derivative:

Dgf(a,b,c) = Vf(a,b,c)-u
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Consider a level surface, F(x,y,z) = k.Thinking of a curve C on the
surface, we can take x, y, z as functions of t (they form the parametric
functions for C).
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Consider a level surface, F(x,y,z) = k.Thinking of a curve C on the
surface, we can take x, y, z as functions of t (they form the parametric
functions for C).Then:

dx dy dz
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Consider a level surface, F(x,y,z) = k.Thinking of a curve C on the
surface, we can take x, y, z as functions of t (they form the parametric
functions for C).Then:

dx dy dz

b F 4 Fe =
dterdtJr 0

Fx
dt

Which is:
VF(x,y,z)-¥(t)=0

for any curve on the surface.
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Consider a level surface, F(x,y,z) = k.Thinking of a curve C on the
surface, we can take x, y, z as functions of t (they form the parametric
functions for C).Then:

dx dy dz
T + FyE +F—=0

Fx
dt

Which is:
VF(x,y,z)-¥(t)=0

for any curve on the surface. Therefore, the gradient vector is the normal
vector for the tangent plane.

Fx(x0, Y0, 20)(x — x0) + Fy(x0, Y0, 20)(y — ¥0) + Fz(x0, 0, 20)(z — 20) = O
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Consider a level surface, F(x,y,z) = k.Thinking of a curve C on the
surface, we can take x, y, z as functions of t (they form the parametric
functions for C).Then:

dx dy dz
Fd +Fyg FE—O

Which is:
VF(x,y,z)-¥(t)=0

for any curve on the surface. Therefore, the gradient vector is the normal
vector for the tangent plane.

Fx(x0, 0, 20)(x — x0) + Fy(x0, Y0, 20)(y — y0) + Fz(x0, Y0, 20)(z — 20) = 0

How is this related to our usual tangent plane?
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We usually have z = f(x, y). Rewriting as a level surface,



We usually have z = f(x, y). Rewriting as a level surface,

fx,y)—z=0 = F(x,y,2)=f(x,y) -z



We usually have z = f(x, y). Rewriting as a level surface,
f,y)—z2=0 = Flxy,2z)=f(xy) -z

Therefore,

Fx(x0, 0, 20)(x — x0) + Fy(x0, Y0, 20)(¥ — Y0) + Fz(x0, Y0, 20)(z — 20) =0

becomes:
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We usually have z = f(x, y). Rewriting as a level surface,
f,y)—z2=0 = Flxy,2z)=f(xy) -z
Therefore,

Fx(x0, 0, 20)(x — x0) + Fy(x0, Y0, 20)(¥ — Y0) + Fz(x0, Y0, 20)(z — 20) =0

becomes:

f(x0, ¥0)(x — x0) + f,(x0, Yo)(¥ = y0) = (z —20) =0

which is our usual definition.
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Read over the normal line to surface S at point P(xo, ¥, 20). This line
goes through (xo, yo, z0) in the direction of the gradient, VF(xo, yo, 20).
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