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1. INTRODUCTION

We will considerthesituationof a cyclist passinga refreshmentstation
in a bicycle raceand the relative positions of the cyclist andher chasing
supportcar. The cyclist ridesat a constantvelocity with her distancein
metersfrom therefreshmentstation given by

���
where

�
is time in seconds

afterpassingthestation.Thepursuing supportcar’sdistancein metersfrom
thestationis givenby ������	� ��

��� ��� . Thereareseveralaspectsof thesituation
wewill analyze.

We aregiventheposition of thecyclist relative to thelocationof there-
freshmentstationasa function of time. We denoteby ��� � � � the position
of the cyclist at time

�
. Denoteby ��� � � � the position functionof the auto.

Fromthediscussion in � 2.3 of Calculus,Stewart 3rd ed,we know that the
velocity of the cyclist is ���� � � � andthe velocity of the auto is ���� � � � . In � 2
of this article we computethe cyclist’s velocity andthe time at which the
chasecarcatchesthecyclist. In � 3 weexploretheeffectof differentcyclist
velocitieson meetingtimes. In � 4 we attemptto illustratethevarioussce-
nariosgraphically. Finally, in � 5 we connecta theorticalresultaboutcubic
polynomialswith thesituationof thecyclist andthechasecar.

2. VELOCITY AND MEETING TIME

In thissectionwedeterminethespeedof thecyclist andhow longit takes
thechasecarto catchher. Wehavetheadditionalinformationthatwhenthe
chasecarcatchesthecyclist their velocitiesarethesame.This providesus
with two algebraicequations.Whenthechasecarcatchesthecyclist their
positionsarethesame,thus

�	� � � ��� �	� � � ���
Furthermore,whentheir positionscoincide,by design,their velocitiesare
thesame,thus

� � � � � ��� � � � � � ���
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Together, wehave two equationsin thetwo unknowns
�

and
�
.

�
� � �� ����� � 
 ��� � �(1)

� � �� �! �� �"� � � 
 �(2)

Usingtheequation(2), we eliminate
�

from theequation(1) andsolve for�
. We find two solutions,

� � � s and
� �$#

s. Thefirst solutionis consistent
with the fact that their positions coincidedat the refreshmentstation. The
secondtime,5 seconds,is whenthesupportcarcatchesthecyclist.

The velocity of the cyclist asa function of time is given by � � � � � �%� �
,

where
�

is a constant.Determining
�

will give thevelocity of thecyclist.
We know thatat

� �&#
s equation(2) holds.We candetermine

�
by substi-

tuting
� �'#

s into equation(2). Doing sowe find
� �  #)( � m/s. Thusthe

cyclist is travelingat a rateof  #)( � m/s.

3. DIFFERENT VELOCITIES

We will now considerwhat happensif
�

is allowed to vary. We will
derive a formula for

�
in termsof

�
for the timeswhentheposition of the

cyclist andthecarcoincide.
By settingthetwo position functionsequalto eachotherandsolving for�

, we candeterminethelengthof time it takesfor thepursuingcarto catch
thecyclist.

��� � � �*� �	� � � �
��� � �� ����� � 
 �+� � �
� ��� � ��� � 
 ��� �� � � ��� �,��� 
�- �/.� �� 
 � �	� �10 � � � � - �/.� �

Fromthis calculationwe seethat
� � � is onesolution, which is consis-

tentwith the fact that their positionsarethesamewhenthecyclist passes
the refreshmentstation. We seethat therearepotentially two moretimes
wherethe car andthe cyclist have the sameposition. To determinethese
times, wemustapplythequadraticformula,

� � �32�465 2 
 �87:9
;
 9

-
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where
9 � � , 2 � � ��� and

; � � �
. Doingsowehave

� � ��� 4 5 ���)� � �� �
 

�

In orderfor thesolutions to be real–valued,we musthave
�+<  #)( � . As-

suming
�>= � , weseethattheexpressionfor

�
is alwayspositiveandyields

two distinct times.Fromthis we mayconcludethat if sheridesfasterthan #)( � m/s,thesupportcarwill not catchher. If sheridesslower than  #�( �
m/s,thesupportcarwill meethertwice.

4. GRAPHICAL ILLUSTRATION

In this sectionwe provide graphsto illustratewhat happensin the first
casewherethe car and the cyclist meetand have the samevelocity and
in the secondcasewherethe velocity may change. Figure 1, shows the
position functionsof thecyclist andthecaronthesameaxeswith

� �  #)( �
m/s–theoptimal speed.We seethatafter

� � � s thetwo functionsintersect
only onceat

� �?#
s.
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FIGURE 1.
� � 
A@� , Cyclist–SolidLine, Auto–DottedLine.

Figure2 shows thesamegraphwith thecyclist’s velocity slightly faster
at
� �  �B ( � m/s. In thiscaseweseethatthetwo plotsfail to intersectafter� � � s.

Figure3 showsthesamegraphwith thecyclist’svelocityslightly slower
at
� �  �� ( � m/s. In this casewe seethatthetwo plotsintersecttwice after� � � s.
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FIGURE 2.
� � 
AC� , Cyclist–SolidLine, Auto–DottedLine.
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FIGURE 3.
� � 
AD� , Cyclist–SolidLine, Auto–DottedLine.

In thesituation depictedin Figure2, it would bedifficult for thesupport
carto giverefreshmentsincetherewouldstill besomedistancebetweenthe
carthecyclist.

In the situationdepictedin Figure3, it would be difficult for the car to
give refreshmentbecausethevelocitiesof thecyclist andthecarwould be
toodifferent.

5. CUBIC POLYNOMIALS

We will now show that if a cubicpolynomial, E � � � , hasa repeatedreal
root at

� � 9
, then EF� � 9 �G� � . We will thenusethis resultto interpretthe

relationship betweenthecyclist andtheauto.Let
� � 9

beadoubleroot. If
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2
is theremainingrootof E � � � , thenwemaywrite

E � � �H�JI � �K�89 � 
 � �K�L2 �
where

I
is thecoefficienton the

� �
term.Thus,

E � � � �H�JI � �"�L9 � 
 0  I � �"�L9 � � �K�L2 ���
Hence,EM� � 9 �H� � .

Thisresultis relevantto thefirst situationin which thecarandthecyclist
are traveling at the samespeedwhen they meet. The cubic polynomial
in questionis E � � �N� �O� � � � � �	� � � � and representsthe differencein the
positions of the cyclist andthe car. Using the factor() call in maplewith� �  #)( � m/swehave

E � � �H� �� � � �P� #)� 
 �
We seethat

� �Q#
is a double root of E . Notice further that ER� givesthe

differencein the velocitiesof the cyclist andthe auto. The above double
root resultstatesthat E�� � #��S� � which is consistentwith thefactthatat the
time thatthey meetthecyclist andtheautoaretravelingat thesamespeed.

In the laterexampleswhere
�

is allowedto vary, we find that E hasnot
doublerootsandthe delicatecondition of matchingpositionandspeedis
destroyed.


