THE BICYCLE RACE

ALBERT SCHUELLER

1. INTRODUCTION

We will considerthe situationof a cyclist passinga refreshmenstation
in a bicycle raceandthe relative positiors of the cyclist and her chasing
supportcar. The cyclist rides at a constantvelocity with her distancein
metersfrom the refreshmenstation given by £t wheret is timein seconds
afterpassinghestation.Thepursuirg supportcar’s distancan meterdrom
thestationis givenby 1 (10t —¢*). Thereareseveralaspectsf thesituation
we will analyze.

We aregiventhe position of the cyclist relative to the locationof there-
freshmentstationas a function of time. We denoteby s.(t) the position
of the cyclist attime ¢t. Denoteby s,(t) the posifon function of the auto.
Fromthediscusgon in §2.3 of Calculus,Stewvart 3rd ed, we know thatthe
velocity of the cyclist is s.(¢) andthe velocity of the autois s, (¢). In §2
of this article we computethe cyclist’s velocity andthe time at which the
chasecarcatcheghecyclist. In §3 we explorethe effect of differentcyclist
velocites on meetingtimes. In §4 we attemptto illustratethe varioussce-
nariosgraphically Finally, in §5 we connecta theorticalresultaboutcubic
polynamialswith the situaton of the cyclist andthechasecar.

2. VELOCITY AND MEETING TIME

In this sectionwe determinghespeedf thecyclistandhow longit takes
thechasecarto catchher We have theadditionalinformationthatwhenthe
chasecar catcheghecyclist their velocitiesarethe same.This providesus
with two algebraicequations.Whenthe chasecar catcheghe cyclist their
posiionsarethesamethus

Furthermorewhentheir positionscoincide,by design,their velocitiesare
thesamethus

Se(t) = s4(2)-
1
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Togetherwe have two equationsn thetwo unknovnsk andt.

1

(1) kt = %w#—ﬂ
(2) k :%@m—m%

Usingthe equation(2), we eliminate £ from the equation(1) andsolve for
t. We find two solutions,t = 0sandt = 5s. Thefirst solutionis consistent
with the factthattheir positiors coincidedat the refreshmenstation. The
secondime, 5 secondsis whenthe supportcarcatcheghe cyclist.

The velocity of the cyclist asa function of time is given by s.(t) = &,
wherek is a constant.Determiningk will give the velocity of the cyclist.
We know thatatt = 5s equation(2) holds. We candeterminek by substi
tuting ¢ = 5sinto equation(2). Doing sowe find & = 25/3 m/s. Thusthe
cyclistis traveling atarateof 25/3 m/s.

3. DIFFERENT VELOCITIES

We will now considerwhat happensf £ is allowed to vary. We will
derive aformulafor t in termsof & for thetimeswhenthe posiion of the
cyclistandthe carcoincide.

By settingthe two positian functionsequalto eachotherandsolving for
t, we candeterminghelengthof time it takesfor the pursuingcarto catch
thecyclist.

Se(t) = s4(t)
kt = gmﬁ—ﬂ

3kt = 102 -¢°
3k = 10t—t* t#0
2 —10t+3k = 0,t#0

Fromthis calculationwe seethatt = 0 is onesolution, whichis consis-
tentwith the factthattheir posiions are the samewhenthe cyclist passes
the refreshmenstation. We seethatthereare potentialyy two moretimes
wherethe car andthe cyclist have the sameposiion. To determinethese
times we mustapplythe quadratiddormula,

= Vb2 — dac

2a

t
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wherea = 1, b = —10 andc = 3k. Doingsowe have

¢ = 10 £ /100 — 12k
= 5 .

In orderfor the solutilnsto bereal-alued,we musthave £ < 25/3. As-
sumngk > 0, we seethatthe expressiorfor ¢ is alwayspositive andyields
two distinct times. Fromthis we may concludethatif sheridesfasterthan
25/3 m/s, the supportcarwill notcatchher. If sheridesslower than25/3
m/s,the supportcarwill meethertwice.

4. GRAPHICAL ILLUSTRATION

In this sectionwe provide graphsto illustrate what happensn the first
casewherethe car and the cyclist meetand have the samevelocity and
in the secondcasewherethe velocity may change. Figure 1, shaws the
posiion functionsof thecyclistandthe caronthesameaxeswith & = 25/3
m/s-the optimal speed We seethataftert = 0sthetwo functionsintersect
only onceatt = 5s.
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FIGURE 1. k£ = %, Cyclist-SolidLine, Auto—DotedLine.

Figure2 shaws the samegraphwith the cyclist’s velocity slightly faster
atk = 26/3 m/s.In this casewe seethatthetwo plotsfail to interseciafter
t =0s.

Figure3 shavs the samegraphwith the cyclist’s velocity slightly slower
atk = 20/3 m/s. In this casewe seethatthetwo plotsintersectwice after
t =0s.
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FIGURE 3. k = %—0 Cyclist-SolidLine, Auto—DotedLine.

In the situaton depictedn Figure2, it would be difficult for the support
carto giverefreshmensincetherewould still be somedistancebetweerthe
carthecyclist.

In the situationdepictedin Figure 3, it would be difficult for the carto
give refreshmenbecausehe velocities of the cyclist andthe carwould be
too different.

5. CUBIC POLYNOMIALS

We will now shav thatif a cubicpolynomal, P(t), hasa repeatedeal
rootatt = a, thenP’(a) = 0. We will thenusethis resultto interpretthe
relationshp betweerthe cyclist andtheauto.Lett = o beadoubleroot. If
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b is theremainingrootof P(t), thenwe maywrite
P(t)= K(t—a)*(t —b)
whereK is the coeficientonthet? term. Thus,
P'(t)= K(t—a)’+2K(t —a)(t — b).

Hence,P'(a) = 0.

Thisresultis relevantto thefirst situationin whichthecarandthecyclist
are traveling at the samespeedwhenthey meet. The cubic polynomial
in questionis P(t) = s.(t) — s.(t) andrepresentghe differencein the

posiions of the cyclist andthe car Usingthe factor () call in maplewith
k = 25/3 m/swe have

P(t) = %t(t —5)%

We seethatt = 5 is a doubk root of P. Notice furtherthat P’ givesthe
differencein the velocities of the cyclist andthe auto. The above double
rootresultstateghat P’(5) = 0 whichis consistentvith thefactthatatthe
time thatthey meetthecyclist andtheautoaretraveling atthe samespeed.

In the laterexampleswherek is allowedto vary, we find that P hasnot
doublerootsandthe delicatecondition of matchingpositionand speeds
destryed.



