Appendix B solutions

There are two techniques- One we discussed in class, that simply compute the derivatives,
y™ (ty) and the text, which writes out the polynomial in terms of the coefficients a,,. Recall
that, from the Taylor series, we have the relationship:
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Typically, to = 0, and these are the coefficients for the Maclaurin series of y.
1.y=y
e Using the textbook technique: y(t) = ag+ait+---, ¥/ (t) = ay +2ast + 3ast*> +- - -:
ay + 2agt + 3azt® + - = ag + ayt + - -

These two polynomials are equal for all time, meaning that the coefficients are
the same. We can write all of the coefficients in terms of ay (which is y(0)):

ay = Qo
2@2 = a; = Q a9 — %CLO
3&3 = a2 as = %ag
1
4@4 = as ay = Iao

And we see that a, = %ao. Therefore, the solution is:
_ Ly 1.4 14
y(t) = ag <1+t+2!t ot gt +)
You might recall that this is actually the series for the exponential function:
y(t) = age’, but that wasn’t asked.
e Using our alternative method: y(0) = ag, then 3'(0) = y(0) = ag, and y"(0) =

y'(0) = y(0) = ao, and so all of the derivatives are ag. Remember that, to get a,,
we divide by n!, and we get the same series as the previous answer.

2.y =—y+1
e Using the textbook technique, and grouping the constant terms together on the
right side:
Y =—y+1 = a+2ast+3ast>+ - = (1 —ag) —art — ast> — - -

Equating coefficients and writing things in terms of ag, we have:

a; = 1-— Qo
2@2 = —aq a9 = %(CLQ — 1)
3(13 = —das az — %(ao — 1)
day = —ag ay = ﬁ(ao - 1)
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e Using our derivating technique:

?/(0> = Qg
Yy =—-y+1 =4(0)=1-aqg
y' =—y  =y"(0)=—(—ao)
y/// _ _y// = y’”(O) _ (1 _ CLO)

In either case, we see that (1 — ag) can be factored out of everything except the first
term:

1 1 1
?J(t>:a0+(1—ao)<t—2!752—{—3!t3—4!t4_|_...>

. In this case, we’ll just do one iteration, then give the solution:

Yy ==2ty = (0=
y' = =2y — 2ty =  y"(0) = —2y(0) = —2a,
Y = —dy — 2ty - y///(o) -0
yW = —6y" — 2ty = yP(0) = 12ay
We should see that

2 , 12, ( , 1., )

B =ag— 224 S —g (1= St

y(t) = ap 5 + 1 + ao + 5 +

. Same kind of thing as (3) for (4) - Remember to use the product rule. In this case, the
textbook technique would be:

ay + 2ast + 3azt? + dagt® + - =1+ apt® + ast® + agt* + - -
Therefore,
ap=1 ay=0 az3=a9/3 ay=1/4 a5=0---
Therefore, we get:

a 1
y(t):ag+t+§0t3+1t4+---

. For problems 5-8, it’s probably easiest to use the derivative technique (rather than the
series comparison technique from the book). For 5, we should get:

y(0) = ao
Y =-y+e? = y0)=1-ag
y" = —1y + 2e* = y'(0)=—-14a+2=1+ap

and so on, leading to:

1+a0t2+3—a0t3+5+a0t4

y(t) = ag + (1 - ao)t + 9 3 41




. Same technique as 5, the series is:

4&0 +1 2 4@0 +1 3 16&0 +3 4
2 N 3 * 24 *

y(t) = ap + 2apt +

. This is a second order DE; so y(0) = ao, ¥'(0) = a;, and the remaining coefficients will
be in terms of ag, a:

y" = —2y + cos(t)
"

=
y" = =2y —sin(t) =
yW = 29" —cos(t) =

which gives:

—2(10 + 1 9 3
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y(t) = ap + a1t +

. Very similar to the previous problem:

ao+5a1t2+ 4+5a0—1—24a1t3 _ 20—{—24(1,0 + 115a1t4+

y(t) = ao + axt — ——; 31 Al




