Selected Problems: 3.5

1. Problem 16: Solve the IVP:

1
vy =0 y0)=2 y(0)=0
From the characteristic equation, » = 1/2 is a repeated root. Therefore, the general

solution is:
Y= et/2(01 + Cat)

Solving for the coefficients,
y=e"?(24 (b—1)1)

For large ¢, the term (b — 1)te’/? will dominate. Therefore, as ¢t — oo, if b > 1, this
term goes to 400, and if b < 1, then this term goes to —oo.

2. Problem 18: Solving the differential equation with the given initial values, we get:
_2y 200 — 3
y=e€ 3 (a + 3 t>

By an argument similar to the previous problem, the critical value of « is the one that

makes 2o — 3 = 0. Therefore, a = %

3. Problem 20: Done in class (in the more general form of ay” + by’ + cy = 0), but let’s
look at this special case.

(a) Char Eqn: r* +2ar +a*> =0 = (r +a)? =0, so r = —a is a double root.

(b) The Wronskian:

W(y1,y2) _ Ceffp(t)dt _ 0672at
(c) Let y; = e . Find yo using the Wronskian:
e Y2 —at (,/

at

Setting the two expressions for the Wronskian equal to each other enables us to
find ys:
e (yy +ay) = Ce™ = yhtay,=Ce™

The integrating factor is e®. Multiply both sides by it, and go through our usual
method for solving;:

(yge“t), =C = 1"=Ct+Cy, = yy=Cte ™+ Cpe ™

The last term is already present as y;, so we take y, to be te .



4. Problem 21: We are told that e™* and e™! are solutions to the DE:
ay” + by +cy=0
where 1| # ry.

Is the following function also a solution?

er2t_er1t 1
¢: == e —_
o —7 ro—7 ro —7

Yes, since it is of the form Cje™t + Che™!.

Now use L’Hospital’s rule to evaluate this solution as rs — r;. Note that we’ll be
differentiating with respect to the variable that is changing, r5. Therefore, treat r; and

t as constants: . .
et —ent . te™t — 0 ot
llm — = lim — =te
2T Py — T ro—r1 1 — ()

5. Problem 38: If a,b, ¢ are positive constants, then all solutions to ay” + by’ +cy = 0
tend to zero as t — oo.

We need to consider our three cases:

o If b — 4ac > 0 then we need to consider the sign of —b £ /b2 — 4ac. If a,b, c are

positive then
b > Vb* — dac

since we are subtracting from v/b2. In that case, r; and 7, are both negative, and
Ciet +Che™ -0 ast— oo

o If b2 — 4ac < 0, then:

—b ny V4dac — b?
= | —

r—% 2a

And the general solution is:

Vaac — b2 [Aac — b2
y = o~z (Clcos< 4ac b>+C’zsin< 4ac b))

2a a

The sum of a sine and cosine are bounded, so the exponential term in front drives
the solution to zero as t — oo.

o If > — 4ac = 0, then r = —b/2a and the general solution is:
y(t) = e POy + Cot)

From L’Hospital’s rule,

. Ci+Cot I Cy _0
it @2 it (b/2a)e®/2l



6. Problem 39 is a special case of Problem 38. Note that if b = 0, and a, ¢ are positive,
we will always have a complex solution to the characteristic equation,

Jac

r==4i— =24
a
So that the general solution is:
C cos(put) 4+ Cy sin(ut)

which is always bounded.

The second part, with a > 0,b > 0 but ¢ = 0 means that the solution to the homoge-
neous equation is 7 = 0, —b. In that case,

y=Cy + Cye™
and the solution goes to C as t — oo.
Solve for C in terms of yo and ¥, (see the text solution).

7. Problem 40 looks at the case where we have functions as coefficients instead of a, b, c.
We are asked to verify that y = sin(¢) is a solution to the DE:

y" + (ksin®())y’ + (1 — kcos(t) sin(t))y = 0

This should be straightforward- Simply substitute and verify.

In the next part, we are asked to look at the sign of the coefficients to see if the analysis
of Problems 38 and 39 still applies.

The coefficient in front of y” is 1, which is always positive.
The coefficient in front of y' is ksin®(¢), which is non-negative as long as k > 0.

The coefficient in front of y is 1 — kcos(¢) sin(¢). This is positive as long as
k cos(t) sin(t) < 1

We can see where this is true if we knew the maximum of cos(t)sin(¢). To get this
maximum, use Calc I stuff:

f(t) =cos(t)sin(t) = f'(t) = —sin®(t) + cos*(t) =0
The maximum (and minimum) occur where
sin(t) = % cos(t)

On the unit circle, these are 7/4, 37 /4, 5w /4, 7r /4 (and we could add multiples of 27).
The max occurs where the sine and cosine are both positive, sin(w/4) cos(w /4) = 1.



Going back, we know that:
k
k cos(t) sin(t) < B

so if 0 < k < 2, then kcos(t) sin(f) < 1, and the coefficient in front of y is positive.

Note: The point here is that the analysis from Problem 38 only applies to DEs with
constant coefficients. In this problem, our solution does NOT tend to zero, even
thought the coefficients are all positive.



