6.5: Construction of the Dual

Here is the problem we’ll work on:

minm 833‘1 —+ 5332 + 4273

s.t. 4xq 4 219 + 8xz = 12
71’1 + 51‘2 + 6273 Z 9
8.%1 + 5.1’2 + 4.2133 S 10
333'1 + 7.1'2 + 91’3 > 7

I 2 O,ZEQ URS,ZEg S 0

First we’ll take care of the sign restrictions so that all of our variables are non-negative:
Ty = Ty — Ts, T = —T3, T4, 25,26 2> 0

The LP now becomes:
min, 8x1+ dx4 — bxs — 4dxg

s.t. 4dxy 4 2x4 — 225 — 8xg = 12
71‘1 + 51’4 - 51]5 - 6ZL'6 Z 9
81‘1 + 51‘4 — 51’5 — 4ZL'6 S 10
31’1 + 7!13'4 — 71’5 — 9$6 Z 7

L1, T4, Ts5,Te 2 0

Now I’ll multiply the objective function by —1 and change it to a maximum, and multiply
constraints 2 and 4 by —1 (to get <), and the equality is written as two constraints:

max, —8r; — dry+ dx5+ 4xg

s.t. 41’1 + 2[L’4 - 2$5 - 81’6 S 12
—4ZE1 - 21‘4 + 21’5 + 81’6 S —12
—7331 — 5ZE4 + 51‘5 + 6%6 S -9
8x1 + dxy — by — 4w < 10
—3331 — 71’4 + 733'5 + 956'6 < =7

X1,T4,T5,T¢ Z 0

Now the dual as before, using the text’s array. In the array to the left, we use p; instead of y;
(we'll convert back later) for the “dual”, and z; for the “primal”:

120 2420 2520 24>0 minw = 12p; — 12py — 9ps 4+ 10ps — Tps
p1=>0 4 2 -2 -8 <12
p2 >0 —4 -2 2 8| < —12 4py — 4ps — Tps + 8py — 3ps > —8
p3 >0 7 -5 5 6/<-9 = 2p1 — 2py — Sp3 + dps — Tps > =5
Py >0 8 5 -5 -4 <12 —2p1 + 2py + Bps — dpy + Tps > 5
ps >0 -3 =7 7 9| < -7 —8p1 + 8p2 + 6ps — 4py + 9ps > 4
>-8 >-5 > 9 >4 P1,P2,P3,p4 = 0




Change back to a maximum, then try to get all the cofficients in the problem positive. In
particular, let pg = po — py so that pg is URS and p; = —py:

maxy, 12p6 + 9])3 + 10]?7 + 7]95

—4ps — Tp3 — 8pr — 3ps > —8
—2pe — dp3 — dpr — Tps > —H
2pe + dps + Opr + Tps =2 5
8pe + 6p3 + 4dp7 + 9ps > 4
ps URS ,p7 < 0,p3,p5 >0

The two constraints ending with +5 on the right can be simplified to a single inequality. Let’s
re-write this expression and compare it to our original so that we can draw some conclusions
about constructing the dual. As in the text, we will call the minimization problem the dual,
so that we're constructing the primal (thus the change in the notation for the LPs):

maxz = 12z + 929 + 1023 + 724 minw = 8y; + dyz + 4y3

s.t. 4y +2yo + 8ys = 12
Typ + 5y + 6ys > 9
8y1 + bya + 4ys < 10
3y + Tya +9y3 > 7

s.t. 4xy 4+ Txg +8x3+ 314 <8
201+ Dxy +bxs +Txa =5
8x1 4+ 6x9 + 43+ 924 > 4

< >
T URS,J};; ~ 0,$2,$4 = 0 n > 07y2 URS,yg < 0

Here is a list of things we should notice, going from the primal to the dual:
e The second constraint of the primal is =, the second variable in the dual y, is URS.
e The third constraint of the primal is “>", the third variable in the dual y3 < 0.
e The first variable of the primal is URS, so the first constraint of the dual is =.

e The third variable of the primal is negative, the second constraint of the dual is “<”
(not “normal”).

And going from the dual to the primal:
e The first constraint of the dual is =, and the first variable of the primal is z; URS.

e The third constraint of the dual is < (not normal), so the third variable of the primal
is I3 < 0.

e The second variable of the dual is URS, so the second constraint in the primal is =
e The third variable of the dual is <, so the third constraint of the primal is <.

In summary, we see that the dual of the dual is the primal.



The shortcut

Going from our original minimization problem (write the variables as y), we construct the
following array with the information we know. Since we started with a minimization problem,
we’ll change the variables to y; and fill in the bottom portion of the array. We’ll put in question
marks for the information we need to figure out, and (*) will denote what information is “not

normal”.

1'1? 1'2? .173? 174?
>0 4 7 8 3|78
Y2 urs( ) 2 5 5 7 17
ys <0(x)| 8 6 4 9 |74
—12(x) =9 <10(x) >7

Look at the very bottom row. These will tell us how to categorize the variables at the top:

e If you see an equality constraint, the corresponding variable is URS (for the first column).

e Column 2 is “normal”,

e Column 3 is <, so x3 < 0.

so x9 > 0.

e Column 4 is again normal, so x4 > 0.

Now look at the column on the right, and fill in the missing information on the left:

e In Row 1, y; is “normal”, so on the right we have < 8.

e In Row 2, y, is URS, so on the right we have = 5 (not normal).

e In Row 3, y3 < 0 (not normal), so on the right we have < 4.

This gives us the final array from which we can write the dual:

max z = 12x1 + 9xo + 10x3 + T2y
ziurs 29>0 23<0 242>0
y1 >0 4 7 8 3 <8 s.t. 4xy 4+ Txg + 8xs + 314 < 8
Yo urs(x) 2 5 5 7 =5 = 2x1 + 5wy + b3+ Txs =5
=12(x) >9 <10(x) >7

X URS)'I?) S 0,1’2,1’4 Z 0
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