CEXERCISES - -

Ei_ifés does S 1;1(;5 +y+ 1) is defined only when z+y+1>0 o Y TEs 1,
SRS o the domain of f is{(z, y) { y >~z —1} all those pomts above the
: lmeyzmm_l P : ; . - ' ' ;-
R 4 — mz—y 1sdeﬁnedonlywhen4 :r —y >0 & +y2<4 and
S 1/1 “2%is defined only when 1-g2?> 0 & —1< & <1, sothe domain of
e e Cfis{{my) | 1L <L -vd = af < y< \/4 o:z} whlch cons1sts of those :
L T
..... ai pomtsonormmdcthecirclew +9° —4for~1 <w<l ; -
f:‘3,'z_ =.f(z,y) = 1 — ¥, a parabolic cylinder - o . 4 Z= f($ y) =z’ + (y— 2) acucular parabolcnd w1th
' . T l o L R vertex (0 2 0y and axis parailel to the z-axis '
Theorem. . - R : .
S T o - ::-’_.__ A I : ,- _-Z :
5 Thelevelcurvesare V' :c2+y mkor : o - B Thelevelcurvesaree +y kory—ue +k a
3, ) =-0,50 ) D ' .
49: +y° =k, k20, afamtly of elhpses.. _ farmly Of exponentlal curves.
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4% |[3- CHAPTER14 PARTIALDERNATIVES -

) f isa rat10nal flmctlon so 1t is contmuous on its domam Since f is deﬁned at (1 1) we yse dlrect substrtutron to evaluate .

ey ey 2 .
the Jim = = 3
¢ l'lm}t (m,y)—r(l 1) 2 + Zy 12 + 2(1)2

_ 10 As (m 7) = (0, O) alongthex axis, f(z,0)="0/z* -—'O foro: ;é 0 S0 f(:r,y) — Oalongthrs hne But o

f (:r: ;r:) = 29:2/ (3:1:2) = % 50 85 (a: y) (0 0) along the Tiné z = =4, f (a: y) — 2. Thus the hmtt doesn’ temst

T(6+ h, 4) T(G 4)

. (a)Tm(ﬁ 4) = Jim e

so we can approxunate T_.,;(G 4) by consrdermg h=42 and

T(84) T(554)ﬁ#86~—80_-_?;.1=z._
2 2 T

- usmg the values g1ven m the table Tx (6 4) -

T(4 4) T(6 4) 72 — 80
=2 T2

i £, 4+h) T(6:4)

Tm(ﬁ 4) =4, Averaging these values, we estimate Tw(6,4) to be approxunately

3.5°CG /m Slmllarly, Ty (6 4)

h—

whxch we can approxmaate w1th h' : :1:2

T(ﬁ 6) T(6 4) 75 80
2

3 . Ty(ﬁ 4)

(6,2)_ T(6 4) 87 80 _

— 95, Ty(e 4~ — -

- values, we estlmate Ty(ﬁ 4) to be approxnmately 3 0° C /m
(b) Here u= < 75 f> 50 by Equatlon 14 6.9, Dy T(6 4) VT(G 4)-u= Tx(ﬁ 4) =3 v Ty (6, 4) 7 Usmg our

estlmates from part (a), we have Du T(G 4) (3 5) 7 + ( ~3.0) 3 A T3 \/- ~ 0.35. Tlus mgans that as we move

. through the pomt (6 4) in the du'ectron of u, the temperature mcreases at a rate of appromrnately 0. 35°C /m

(6+hf,4+h7) (e 4)

-

Altematlvely, we car i1se Deﬁmtlon 14. 6. 2: Dy T(6 4) = 11m

N h ; y . .
| ) T(S 6) — T(6 4) _80- 80- '
* which we can estlmate with h :|:2 Th D.. T 6 4 = = 0, .
\/_ cn ( ) . 2'\/§ i 2 _\/— o
(4 2) T(G 4) 74-80 3 |
D, T(6,4 Averagin, thesevalues, we have DuT 6 4 ~ L 1°C/m..
6 8 ST = g — Vg e © ) /
O Tale) = [T @) = Jim TBLF hﬁ e 0, Ty (6:4) = Jim 2 6. r h,i T“"ﬁ_ A, which v can

" estimate wrth ho="42. We have Tz {8, 4) ] 3 5 from p‘art (a), but we. will also need values for T (6 6) and Tz (6 2). Ifwe-

'
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use h = :f:2 arid the valuss given.in the table-, we have

(6.6 = T(S 6) — T(6 6) —T5 .y 5 T (e. o~ (4,-_6)»_17(6, 6) L6875 Ly
‘-2 =2 . o2 -
'Avei'aging these values, we estimate T} {6,6) ~ 3 0. Slmzlarly, ' o ' "
D2~ TED-Te(6:2) 08T (6,2) ~ T4 %) T(6; 2) 74— 8T 6_5_- -
: 2 2 _ ) 2 —2 - 7
Averéging these values, we éé‘timate Te (6, 2) = 4;0. Fiﬁélly,' we estimate Tmly (6,4): o ‘.
. Y _ N
‘sz O Tx(6, 6) — . - T,(5, 4) 3.0 ;-3.5 098 Ty (s 9~ T (6, 2) - Ta(6,4) _ 40 - 3'5.'%—'- ok

-2 ._. -2
Averagmg these values, we have Twy {6, 4) =0. 25 -

. From the table, T(6 4y = 80 and from Exermse 11 we estunated Tm(ﬁ 4) R 3 5 and T (6 4) .=3:0. The linear

approx1matmn then-is
T(m y) T(6 4) +Tm(6 4)(:c 6) +T (6 4)(y 4) ~ 80 + 3. 5(9: - ) S(y 4) 3. 5::: -3y+ 71

Thus at the pomt (5 3. 8) Wwe can iise thc linear approx1mat10n to estlmate T(5 3 8) w3 5(5) 3(3 8) +TL77 1° O

13, flw,y) = (5v° + 20 y)8 > £ =85 +20%) (day) = 32y (8e +22%), = ‘
'fy—8(5y + 22%y)" (15y° +2m2)—(16x +1204%)(59° + 2 y)" o o

R e -t

2 +v2)(2)' (u+2’u)(2fu) o0 = 902 — oy SR e
F(aﬁ) _=,_é2kl(§2l_+,32_) | :> 1-:__?[ ﬁ2 (20‘”]“(“ ) 2"‘:.313-32+2_é-1u(9é,2%f_32)1.,-:1
'{};_ 2 &iﬁgtﬁ)__' aﬁffgz_ﬁ._ |

16

17.

G’(:c,y,z) —e siﬁ(y/z) => ' Gm :-;ze sm(y/z) Gy _e cos(y/z)(l/z) (e"’_?/z_)'cc‘)s(y/z)‘, i
Gz-..__.e‘ cos(y/z)(w'y/z2)+sm(y/z) ze™ =€ Izsm(y/z) (y/zz)cos('y/z)]

S(d"v"'w).:”"‘f“’-ta“(”‘/"_”)' > S ':_E"T;Cta‘n(”@)f';s"’-é 1+(\/_ )2 (\/_) 11{;
= —1/2,7 Cww e

.Sw , - 1+(Um ('U 2'!1) : ) 2\/—(1_’_1;210)

o= 14492+46T 0055T2+000029T3 (134 001T)(S 35)+0016D R

18.

' BO/BT . 46-0, 1T 40, 00087T2 0, OI(S -'35), ac/aS = 34~ 0.01T, 4nd 60/61) o 016 WhenT =10,

S = 35, and D= 100 we have BO/BT < 4.6 — 0. 11(10) +0. 00087(10)2 -0 01(35 35) =3 3. 587 ‘thus in 10°C water '

- with salmlty 35 parts per thousand and a depth of 100 m, the speed of sound mcreases by about 3 59'm / 3 for cvery degree
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Celsivs that the water temperature rises. Similarly, 8C/85 = L 34 0. 01(10) — 1.2, so the speed of sound increases by

about 1.24 m/s for every part per thousand the salinity of the water mcreases ac/ 8D = 0.0186, so the speed of sound

- 1ncreases by about 0.016 m/s for every meter that the depth 1s mereased

i’

18. f(:c,y) = 4?17_." .’ey .:?' _'f:c 125’" "‘y fy = _25% fa:a: = 2437, fyy = “237’ chy .=_rfyrz = ”_’2'9' ‘

20, z=xe ¥ = zz=e Y, zy :_—2we‘2y~ 2am =0, zyy = 49:3'_2_3’, Zay = Fyo = _—23‘_21’ :

= f"‘kmkllm f—litk'llzm f‘_ma:k,yzmi fmm—k(k )kzylzm

T f(my,z)me yz
k 1,1, m—1

S Fuy =HI— 1)m’c ji=? _m fzz-—m(m Da*y 2™ 2, fuy = fya. —kl:c Y 1_"“ fos = foa ; = bma" Ty

fyz =fou = lmm’“y"lzf’fl

Dy = cné(s +28), s - sian +'2t), oy = —21" sm(s + Zt) Vpr =0, Vgy'= -—fr-cos(s '-t-2t),:' ‘
—21' cos(s +21)

- 22, v ——'r'cos(s+2t)

e = —4r cos(s + 2t) Urs = Vor. = —sm(s + Zt) Unt = Ut =_—-2 sin{s -+ 2t) Upt = Uts =

’ . | ' Bz y . "Bz ‘ _
v/w 05 _ o Yeuiz, y/e.—= : y!? d -
23, z—,$y+aze il vk o + e i m~|—e an .30
m-g%—i-y(—;a _;c(y '—ey/’;-l-ey/”) +y(:c+ey/”“).—wy ye?‘/”+mey/”+my+yew“?my+my+wey/ r— wy%«z |
24 z—-sm(:c+smi;) = B mcos(a: -l-emt), 6t eoe(m+smt)eost
e 2. .. :
: ('iz:;t = ——sin(ﬂ:-t-sint)t:cusf.t,'g-—2 = .—Sin(m—t-siut) and . o
"823.2 . - o L "8;32';; .31,
. 520w Bt = cos(w +s1nt) [— sin (x+emt) cost] = cos (;c+s1nt) (eost){ sin (m-l—smt)} Frprc
. - 25, (a) Zg = 63 +2 = zx(1;,—2) =8 and 2y = 2 => zy(l —2) 4 50 anequatton of the tangent plane s
z_l—8(m—1)+4(y+2)0rz—8m+4y+1 _ .' ‘ C
(b) Anormalvectorto the tangent plane (and the surface) at (1 —2,1}i is (8 4, 1) “Then parametnc equattons for the normal »
1methereare:c-— 1+8t y— —2+4t z—l—t andsymmetneequatlonsare gl = y1—2 z_—ll.. .
2. (a) zp = " cosy = z'w(O 0) ﬁ'l'and zy = —etsiny = 2y (0 0= O,_soanequation of the tangent plane is .
z—l—l(:c 0)+0(y B)Orzmg:-t-l ‘ SR : -
(b) A normal vector to the tangent plane (and the surface) at (0 0; 1) is (1 0 1) 'I'hen parametric equattons for the normal
lme there aer=*ty=02z=1 —1, and symmetne equattons are s = 1 - z,y 0

indw

i (a) Let F(z,y, z) = m + 2% — 822 Then Fx = 2w, Fy = 4y, JF"’z = =62, 50, Fm(2 —1 1) =4, Fy(2
' F, (2 -1, 1) = ——6 From Equatlen 14. 6. 19 an equatlon of the tangent plane is 4($ = 2) 4(y + 1) 6(z = 1]

or equlvalently, b — 2y 3z —3

_ (b)._F_rem.Equationsl 14{5;20, symtnetr;e equations for the normal line aré 5[:-;2 ;'yj;l = z_—ﬁl S R AT
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CHAPTER14 REVIEW (CI° .497.
sby 28 (a): Lef F(z Y 2) =Ty + Yz + éa:*-'Ihén‘Fx =y+z,Fy=z+z F =24y, s0
‘ Fm(l 1 1) = Fy(l 1,1) = F,(1,1,1) = 2. From Equat:on 14.6.19, anequation ofthe tangent plane is
2(3: - 1) +2(y -1 +2(z - - 1) = 0 or, eqmvalently,a: +y + z =3

' — g1 " g
(b) From Equatlons 14, 6 20 symmetrlc equatlons for the nonnal line are = 1 =¥ =2 1 or, equivalently,

] _ 2 2 2
m:y=,z.,

29 (a) Let F(z,y, z) =z+ 2y +37— sm(myz) Then b= 1-yz cos(wyz) F, = 2 xz cos(myz) = 3—zy cos(myz)

1 50 F(2,-1,0) = 1 F,,(Z -1, O) =2, F,~_(2 -1, U) = 5 me Equatlon 14.6. 19 an equatmn of the tangcnt plane is
. i(z— 2)+2(y+1)+5(zv~0)—Oor$+2y+5z_b o
- éi), (b) From Equatlons 14.6.20, symmetric equations for the normal hne are £ 2. yT-i-l = § orz—12= y_";.l = %
Parametncequatlonsarea:%2—|-t y———1+2t z_St - e
3. Let f(z,y) = 8% + y*. Then fu(z,y) = 20 2 and Folw ) = &, éd D=2,
w e fy(l 1) —4andanequat10n ofthe tangentplane sz—2= 2(m - 1)+4(y— 1)
v . or 2:c + 4y —z=4 A normal vector to the tangent plane is (2 4 —l) 5a the B
normal line is glven by ; ! == ;1 = z:127 orz= 1-+_ 2y = 1+ '4t,- o
. z_,—__—2 — t.. I .

31 The hyperbolmd is a level surface of the functlon Fz,y, z) =24 4.y - zz, soa normal vector to the surface at (a:o 70, zo)
is VF(a:o yu, z0) = (2xo, 8yo, —2z0). A nonnal vector for the ‘plane 233 +2y-+2z=5is (2, 2 1) For the planes to be
parallel we nced the normal vectors to be. parallel 50 (2xg, 8yo, —220) =k (2, 2,13, qr_ Ty = k , Yo = Zk;, and zp = —%k

& But zh +4yg - = 4 = k2 1k2 ' 1k =4 = el =-_4 :>.,’ k= +2.-S0 there aré two such poinis:
normel @dh-emd(a-h). ' B |

. o du u - 2t 9get.

L4 =In{1 3t = — —df = e :
2. u ln( +oe™), => d”_ O3 _ds_fat dt 1+ se® ds + 1se® dt
zr :
B f(m,y,Z)u-'r \/y2+z2 = fm(m,y, \/ 2, L@ y,2) = fz(m,y,z) ——=
\/2+2 Ay
ormal s
o 50 f(2 3 4),: 8(5) 40, fm(2 3,4) =3(4) \/‘“ 60, 12, 3,4) = - % and f,__(2,3,4) ,=;f/§—5 =32 Tngnthé
L,.- : A lmear approxmnatton of fat (2,3,4yis i
0L A R (AT (234)+fx(234)(m—2)+fy(234)(@ 3)+fz(234)(z—_)
| | IR —40+60(:rm2)+24(y 3)+32(z )—60w+5y+32z—120 '
Then (1 98) \/ 3. 01)2 +(3. 97)2 = £(1.98, 3 01,3. 97) ~ 60(1.98) + % % (3 01) + 22(3.97) - 120 33 656
’ © 2012 t:engagerLcarning. All Rights R&ser.ved.'Ma;y not be scanned, conied, or-duplicated, orpostedtoapublicl} acoeé"sib!le yvpbsite, 'anhnlt;. or inpart._ .




498 1. CHAPTER14 PARTIAL DERIVATIVES

34 (a) dA="Zdp 4 == dy = 2'y de + —:cdy and 1Aw| < 0.002,. |Ay| < 0.002. Thus the maximum error in the calculated e

' V(b)zw_\/$2+y dz

L du | Budy Budy’ Suds
. d_p ‘ 35[: dp + 6ydp * oz Az dp

26, dv Bfu dzr- B By

- DA HA
dx 3

area is about dA = 6(0. 002) + 5(0 002) 0 017m or 170 em?,

dy and §Am| < 0 002 |Ay| <e. 002 Thus the maximum error mthe-:

mv—

. calculated hypotenuse length is about dz =13 3.(0. 002) + ig (0 002) —-1— fu 0 0026 m or 0. 26 em.

i

= 2my3(1 + Gp) + 3x2y2 (pe”_+ {3”) -17:'423'(;} éos p+sin p).. .

= T 2 Y my Ty
55 = Bz 05 +6y5’ (2msmy+y e )(1}+(m cosy+mye +e )(t)

o s=0t=1 *:_; z=2y= aso?m_0+(4+1)(1)

- 31,

38

4.

oy Bwoz B dy

< "=' fo(3, 6).@(1; 2) + £y (3,6) e (1,2) = (T)(@) + (8)(10) = 105-- "

as

w9 =y TY | o7y
5t 3:1:6t+3y8t (2msmy+ye )(2)-}-(1: cosy—i—:cye +é )(s) 0+0 - 0.

o 825$+3z8y Whens_landt_.2 z= (1,2)'=7_3a1'1c‘1'yl__‘=h('1,2):"_—6,s_0 )

By the Cham Rule 5% = 57 Ba By Bs

_“9_: ; £=(3, '6)95(1,.2) + fy 3, 6)'h;(1; 2) = (7)‘(—'1)‘4_-(8)(_—'5-)-5'—4%{. Similarly, 0z _ 0208 020y

E=$E+@m

i

W KR o Using the tree diagram as a guide, we Have ‘

Ow Dot dwou  Dudy  Ow  Bwdk  Swdu., dwdw
633'_' Bt 6p Bu 6p 6‘1) 6p . Bg - B8 Budg v g

or —Btor Quor vdr Bs 0005 Duds | 99

e

/N /N /N e _twa owoe Jowsy  ow_ousr  owou , sugw -
P 4 r sp g5 pogor s

_ 39 Bz 9z

K g—i +mg—; = 2xyf’(m = yZ) s | - 2ayf! (w —lyz) =z, :
A =  %a:ysjnlﬂ, da:/dt = 3, dy/dt:—Z, d&/dt . .0 OE; and C;A l .1 [(y;.mﬁ)A . + (I:L-s.méi .+.(a:3.; t‘:os &) dg]
o ‘lSO W.hen;t; = 40 y=50 and.B; g %‘é # %[(25)(5) + (20)( 2 + (1000\/')(0 05)]. " MN 60.8 m2 5.,

2
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z . B az - . o L
R T L T

7 62z__ 8 [z 2y Dz —y 8 Bz 2y6z &z &z —y\ | BzWy 8%z N
_(ST y&fc (Bu)'-i_ w3 61) tE 833 (8ﬂ> :1:3 2 +y<8u2 + v du 3:2 )+ (sz 2 t uoe Buafu )

2y62 262 | 2y 82 Y 82
o xzB 8y _;31:,2,1 L Qu =

8z, . Bz 10z

CAlso = '—:1:—+ and

Sy Su =z 8'0

‘ ,ézz. _ ..8 az\- B. (0 8%z ) 7, 627. 1 1 | ‘.322. 1 - 62z | 2 62 . &z 1,"62z
By :1::95 (8u)+ _(Bv) ‘ (3u2 Tt vou 8?)611. a:) + E(WE +,8u8v'w) -7 ou? J.rz Budy | 3 vt

Thus _ ‘ . .
2 o | . y 2 2 z 2 Y 9 9 2 y
gz = y oz 2z g
’ 8z?. y-"ay2 m o + TV R 2y Buafu a2 Ov? w Y 5. c’iuc% P 61)2' R

2y Az o Bz Bz Fz ‘ . -
T o0 By~ Vo0 "M Budy

. - U 2 S i _ '. ' . o S _

smee Yy = v = ?_ory = uv.’. - EEe o . e o ) : ) |

cos(i:yi) =14 2% + zz,-rso.let'F(a: y,2) =1+ wzy + z — cos(:cyz) = 0 Then by

.Fm : 2:cy +sm(:r:yz) yz ;2m'y +.yzsm(myz)

.' .-",.Equg;ilor.;thl.S_.’)‘ch_ have . B -

noz F. o 2z+s1n(:17yz) Y 2z + wysin(zyz) .’ -

e 5y _ . 23yt sin(ayz) -xz 29: Y + Tz sm(myz)
y 22 sin(wyz) - oy 2z +zy s;n(;r:yz)

f(m,y, Z) =2V = Vf= (fw,fy,fz) = <2mey" , 2V z2 g2e® 2yz> <2mey" 2z e”‘ 2m2yzey‘."'2>

. (@) By Theorem 14.6.15, the maximum value of Ihe.dircctional derivativc'occixi"s whéh 1_1 'hasAthc samf:'directidn as the gradient =~

Do vector

. ‘(c) The dlrectmnal denvanve is 0 when uis perpendlcuiar to the gradlent vector smce then D f R4 f u O., . - o

46

(d) The dlrectlonal denvanve is half of i its maxinum- value when Du f = |V f | cos 6 = % |V f | @ cos 9

?é"y ::»w Vf (2;1:8 , =& e"y> Vf( 2 0) = (=4, -4), The dlrectlon is glvenby (4 3)

—m('d' '5_75(4 3)ar1dD f( 20) Vf( 20) u—.( 4! 4) 5(4 3) 5( 16+12) —4

U‘l

Vf (2;t:y+\/1+za: w/(ZVl—i—z)) Vf(123) (6,1 > = 3,3,"3> ThenDu (1,2,3) 26— :

Y
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5000 O CHAPTER 14 :PARTIAL DERIVATIVES

AT Vf = (9my,07 +1/(2 \/5)>,

direction (4, §).

is VI8 inthe |

8. VF = (aye™,. 2ze™, ™), VF(0,1,2) = (2, 0, 1) is the dn'ectxon ofmost rapid increase wiule the rate is |(2 0, = \/_ : .

" 49, First we draw a liné passmg through Homestead and the eye of the humcane We can approxlmate the d1rect10na1 der1vatwe at
Homestead in the direction of the eye of the humcane by the average rate of change | of wind speed between the pomts where |
thlS fine intersects the contour llnes ciosest to Homestead In the direction of the eye of the humcane, the wmd speed changes

from 45 to 50 knots We estimate the dlstanee between these two points to, be approxtmately 8 mlles, so the rate of change of

' wind speed in the dlrecnon given'is approxnnately 2045 = 2-0.625 knot/mr.

50, The surfaces are f (z.y,2) =2z — Zm + y = 0 and g(z, Y z) =z — 4 = 0. The tangent line‘is perpendidular to both V f
and Vg at (— 2 9 ,4}.-The veetorv = Vf x Vg is therefore parallel to the ime Vf(a: y, z) = ( 4:.," 2y, ) C=

Vi(-2,2,4) =(8,4,1), Vg(w,y,-_z) (0,0, 1) = Vg{=2,2,4) = (0,0,1). H?nce
Co SR I kT : )
v=VfixVg=|84 L *4:ﬁ83 Thus parametncequatlonsare m—-—2+4t y—2 St Z= 4

' 0 0 1 ‘ : o

B, ( ,y)—m —zy+y? +93:-—6y-|—10 = fz—-2n: y+9 ;
fu= —:e+2y 6, fon = 2= ny, Fay 4—1 Then f» = 0 and fy —-Olmply
y=1Laz= 4. Thus the only crmeai point is (- —4,1) and fmm( —4, 1) 50,
D(=4,1) =3 >0, 0 f(—4,1) = —11 is a local minimun.

-52. flzy) = 2= 'Gtcy'+.8§5 N = 3.;;-2: — 6y, fy= ‘—Sim +24y%, fuie :6:::, B
" fyy'= 48y, fay = 6. Then f» — 0 implies'y = a*/2, substituting into f,, = 0
‘itnpl{es 6z (z* —1) 1:" 0, so the critical poinis are' (0 o)L, 8y
' D(O 0). —36 < 0's0 (0,0}isa saddle point while fow (1, Ly=63 Oand -
D(l, 3) =108 > Dso f( : ).—"—_1 1salocel_mm1mum . 2

53, f(:r:,y) = 3'3"@ - ‘$2y ——'my = -fT —.3y 2my 'y fy = 3m —g? - 2xy, -
fm 2= =2y, fyy = =22, fay =3 — 2m ~2y. Then fo = Olmphes ' _. o
y(3 2x —y) = -0s0y= 0 ory = 3 .22, Subsntutmg into fy =0 tmphes .

, :e(_ - a:) -Dor 35( -1 + ss) 0. Hence the crltlcal pomts are {0, 0) (3 0)
(0,3) and (1, 1). D(0,0) = D(3 0) = D(0,3) = ~9 < 050 (0,0),(3, 0) and
(O 3) are saddle points. D( 1) 3 > Oand fm(l 1) —2_ < 0,80 % -

f(l y=1 is a local maximum.
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55 Fll’St solve inside D Here fm = 4'y — Zwy -y, fy = Smy 2$ y— 3y, o ¥

57, f(:c y) a® —3:I:+y
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5. flz,y) = (8° +y)e¥? = fo= 2re¥/?, fu=e"*(2+ 2% + y)/2, , o
ve = 262, fiy = /2 (44 22 1 y)/4, Jay = ze¥/2. Then_f» = 0 implies

@ = 0,50 f, = 0 implies y = —2. But f2(0,—2) > 0, D{0, -2} =¢"* -0>0 . as

-

s0 f(0,~2) = —2/eisa focal minimum.

t

Then f,, = 0 implies y = -Qory=4— 2w, but y=0i isn’t inside D. Substltutmg
y=4- Z:cmtofy Ounphesw—o a:—-2ora:— 1, but:z: = 0isn’t inside D, -

and when z = 2, y= 0 but (2, 0) 1sn’t m51de D. Thus the only critical pomt msgde o

~ Dis (1,2) and f (1 2) - 4. Secondly we consxder ‘the boundary of D.-

OnLy: f(z,0) = Oandsof—OonL1 Oan &= —y-+6and

\

fl—y+ ﬁ,y)"*—fy (6—y)(-2) m2(ﬁy Ay3) which has cntlcaipomts _ _ '. )

at y 0 andy = 4. Then f(6 0) 0 whlie f(2 4) = —64. On L3 f(D, y) =0,50 f =0on L3 Thus on. D the absolute

'ma:umum of f is'f {1, 2) 4 while the absolute minimum is f (2 4)

i

56. Inmde D fnc = 2me‘w - (1 —-z* - 2y2) = 0 unphesa; = 0 or:c +2y = 1 Then 1f:r =0,

fy —2ye m - (2 e m2y ) —Olmphesy Oor2 2y = Ugmngthe cnncalpomts (0 O) (0 :I:l) - -
*.:r +2y% =1, then f, = 0 unphes y= Oglvmg the crmcai pomts (1, 0) Now f{ﬂ 0) O f(d:l (]) =e nd ' .

F{0,£1) = 2ef1 Onthe boundaxy of D: m +y = 4, 50 f(:): y) = e‘4(4 +y2) and fis smallest wheny =0 and largest _
K .wheny 4 But f(ﬂ 0).= 4e-4 f(o :I:2) 8e—4 Thus on D the absolute maxnmum of f is f((} :|:1) = 2e~1 and the

_‘absolute minimum is f(U 0) =0

2
: B ] FYF
z 0 T wEEy n
: AT NN
% 1 pily 1]
\\“\’\fiﬁ;ﬁz o ,5;’ \ug T -+
’\“ 2?..:‘?0 -"&l//' —3 e =_s n
i) 7 10 .
¥ .‘_~ - Lo e "‘15

From the graphs, it appears that f has-a- local maximum _f ( 1, 0) ] 2 local minima. f (1 :I:l) —3 and saddle pomts at
= 1 :l:l) and (1,0). _
To find the exact quantltles, we caleulate f== =3z" — 3 = 0 & or= :I:1 and fy = 4y Zdy -—-0 4:}

y 0 :I:l gwmg the cntlcal pom’ts estlmated above. Also fm = 6m fwy = 0 fuy = I2y = 4 s0 usmg the Second
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502 ,;l' CHAPTER14 PARTIAL DERJVATIVES ‘
' T'-‘D(l ..-‘:1) = 48 > Oand fm (1, :l:1) 6 >0 mdlcatmg local mmtma f(l +1) = —3; and D(ul,?:tl)_-; ~48 and

58, f(a:,y)-12+10y 222 —Sac'y Yyt o= fm(a: ¢) = —4x — Sy,fy(m,y)—l() 83*4@; Nowfz(;c,y)—ﬁ =>

- solut1ons to fz = fu = D using a CAS.) So to three dectmal places, the cntlcal points are (3. 085 ﬁl 542) (1.434 0.7 17)

' ~y MIfz = Othenm + y = 1 gtves y= il and we have possuble pomts (0 d:l) where f {0, il) = 0 Ify A then
' rmnnnum is f(:l:\/g ) '3".'.: ¢

x ; " and the absolute mm1mum is f ( \/- \/- )

.f(a:,y,z)-“a:yz g(x y,z)ha: +y +z *—3 Vf )\Vg = (yz,xz,my) /\(2:17 2y,2z) Ifanyofx,y,orzts‘ .

Denvatlves Test, D( 1 0) = 24 > 0 and fm( 1 0) =-~6.<0 1ndlcatmg a local maxinmum f (-1 0) =2

'D(l 0) = _-24 mdtcatmg saddle points.’ oo oo .

= —-2:: and substltutmg this into fy(m, y) = 0 glves 10 + 16y 4y =0 @ 5 + Sy 2y =0

‘

P
=2y

g

. From the ﬁrst graph, we see that this i is true when Y = -1.542, -0.7 17 or 2, 260 (Altematlvely, we could have found the )

and (—4. 519 2 260) Now in order to use tho Second Dertvatwes Test we, calculate fm H-_‘-4 Soy = —8 fw = —12y and
|'D 48y — 64 So since D(3 085 —1 542) > 0 D(l 434 —0. 717) < 0 and D( 4. 519 2. 260) > 0 and fm is always
i negatlve, f(m, y) has local maxuna f(—4 519 2. 260) =] 49 373 and f(3 085 Hl 542) ~ 9. 948, and a saddle pomt at!

‘ approx1mate1y (1 434 ~0 717) The htghest pomt on the graph is apprommately ( -4, 519 2. 260 49 373)

(a:, y) =g y, g(:t:,y) =? +y =1 => Vf (Zmy, 2} )\Vg = (2)\m, 2)ty) Then 29:y 2)\9: tmphesa: = 0 or -

' :c = 2Ay 1mp11es x = 2y and substttutton into 22 -t-y = 1 gives 3y = 1 ::» y= :l: and z= :I:\/— The

correspondmg pOSstble pomts are (:I:f :!:7:) The absolute max1mum is f (i‘/— ) ﬁ.,whl-i?. th_e_ absol}_tte_‘ ‘

’ f(a: y)*1/$+1/’£l, Q(may)—l/.w? +€1/y _1 = Vf =.<;Tm';2,— -

—2

—@. —'.—24\3’,"01'31‘—2)\311(1—-3{ :-E2Ay ory 2X Thusm—y,sol/x +1/y =2/m -11mpl1cs:1:~—:l:\/_

and the possnble pomts are (:l:\/_ :l:\/— ) The absolute maxtmum of f sub_]ect to :c‘2 +y‘2 =1lis then f (\/_ \/_ ) \/— B a .

-zero thena: _. y .z = Owluch contradtcts:c +y +z =3 Then,\ -29:'- ;:; -. % . 2y 2 == 2m z => .

' Lol L : !
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T 22, and s1m1larly 2yz = 2::: ¥y o= 22 = g? Substltutmg into the constraint equatlon gives:c —I—m +:1: —3 =>
- z? = =1= Yt =22 Thusthep0551blepo1nts are (1,1, :I:l) (L, —1 +1), ( 1 1, 1), ( -1, —1 +1). The absolute maximum - '
s f(L,1,1) = f(l,—l,fl) — H=1,1,~1)= £(-1, ~1,1) = Land the absolute -~

: .mjnimum'isf('l'-l ~1) = f(1,-1,1) = f(-1,1, D= fit- Len=-1

. f(z, y,z) =z? +2y + 327, g(a:,y, )H$+y+z— 1, h(:c,y,z) fm—y+2z—*2 =
' "_Vf (25,47;,62) )\Vg+MVh (A+u,)\ ,u,)\—l—2,u) and 2z = )\+,u (1) 4y )\ ,u_ (2},_ 6z = )«+2,u 3, |
x -+ y -|— z=1 {4), Ty + 2z = 2 (5) Then sm tlrnes @ plus fhree times {2) plus two tlmes (3) 1mol1es -
12(:(: +y + z) = 11)\ + 7u, 50 (4) g1ves 1A + 'm = 12 Also six times (1) minus three t1mes (2) plus four times (3) 1mpl1es

g 12($ - y + 22) =7TA+ 17y, s0 (5) gives TA + 17,u = 24, Solvmg 11)\ + 7,u, = 12 TA+ 17 ,u =24 smlultaneously gwes

A= %, b= Subst1tut1ng ifito (l) (2), and (3) 1mphes T = ".% ¥ - 263', 2 : 4 g1vmg only one pomt Then 7
f (%, = -% =33 Now since (0 0, 1) satisfies both constramtsand f(O 0, 1) Bf (23, 2. ;; =Eisan

absolute minimum, and there is no absolute max1mum 2

:

3. f(:c,y,z) = 9 +z , 9(z,1,2) —xy B=2 = Vf (2w, 2y,2z) : )\Vg: (,\y?z?’.i)\:cyz353kscyz.z'2)..
- 8ince zy 2= 2 x =,é0 Y #Oandz # 0,50 2z = pATar (1) T —)\mz ), 2= 3)\:cy z (3). Then (2) and 3 1mply .

L 2,

ory =32 ' soy = ﬂ:z\/_ Snmlarly (1) and 3) 1mp1y 3 = 0r3m =z

z3 3@2 50 T = :I:Tz But

3:sz z:
oz 2= 2 s0zx and z frust have the same sign, that i o= 7=z Thus g(m,y, z) 1mp11es Tz(2 2)z = 2 of

2= :1:31/ 4 and the possnble pomts are (:|:3_1/ 4 3‘1/ 42, :l:31/ 4) (:|:3“1/ 4 3_1/ 4\/_ :1:31/ . However at each of these
'pomts f takes onthe same value, 2 \/_ But (2, 1, 1) also sansﬁes g(ﬁ,y, z) =2 and f(2,1, 1) = 6> 2 f Thus f has an’

absolute rmmmum value of 2 V3 and no absolute mammum subject to the constramt :ny z =2.
SN ) . .

: Altemate solution: g(:r, 7, z) = a:y Ty = 2 implie_s_y = 23, $0 minimize f(:c, z) =z° + +z Then N B
; . 6 | SR R S o '
f:::=2ﬂc 235fz—'- +2z,fa::x:"—2+ 335f =_"-+2andfa:z—wzz4
: s 22°2° —2=0o0r z= l/w Substltutmg mto fy' 0 lmphes —61° + 2.7: ) or':n}—_r fj’g’ s0 the two critical poi_nts are
en S - : ) o -
L3 A '(:l:%_,':l:{*/“) ThenD(:l: 1 j:f) (2+4)(2+24) ( ) >Gandfm( :i:\/_) =6>0, soeachpomt
=\/§ S o is & minimum. Finally,y = mf: , 50 the four. pomts closest to the ongm are (:l: L :l:\/_ ) ( \/_ :l:\/- )
N 7 S4._V—;t:yz,saymlsthelengthandw+2y+2z<108 w>0y>0 z>(] FtrstmaxumzeVsub_]ecttom+2y+2zﬂ-108 :
'z ls o ’ ' . with’ a;,y, zall pOS]the Then (yz xz, :cy) ()\ 2)\ 2)\) 1mplles 2yz —wzorz = 2y and $z=EYorz = y Thus "

g(a:, y, z) ~ 108 unplles Gy = 108 ory =18 = -z, m = 36 50 the volume is V =11, 664 cubic umts Smee (104 1 1) also

i

~ . . . . P «
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: sansﬁes glz, 4, z) = 108 and V(104 1, 1) = 104 cublc units, (36 18, 18} gives an absolute maximur of V. subject to .

: g(m y,2) = 108. But if = - 2y + 2z < 108, there exists o> 0 such that. +2y + 2z — 108 — o and as above -
6y ~ 108 — o implies y = (108 — a) /6 =z, = (108 — a) /3 with V= (108 ~ a)g/(ﬁz 3) < (108)3/(62 3)=11 664
Hence we have:shown that the maximum of V' subject t to g(x 1ha) < 108 is the maximum’of V subject to g{z, y, z) = 108
{an 1ntmt1vely obv10us fact) '

- The area of the triangle s Lcasinf and the area of.the.rectangle is be. Thus,

J 'the area of the whole object is fla; b, c) 1casing + be. The 'periméterlof L

~the object is g(a b, c) = 2& + 25-!— c= P To snmphfy sind in terms ofa b

_ -'andcnotlcethata sm 6’+(2c) —a. ':> smﬁ:é—% 4@2—c2

: Thus f (a b, c) 4a2 -c?+ bc (Instead of usmg 8, we could _]ust have _
: psec_l the Pythagorean '”I'hgorem.) As a resul_t, by Lagr_a.nge_’s_ _me_thqd, ‘we must find a, b,,c, and )\ by solvmg V- _f = )\Vg which .
gives the following equations: ca(4a® — ¢®)='? = 2X(1), c=2) (), }(4a® — )/ ? -1 ( cz)"l/ 2 + b =X

~(3),and 2a +2b+c= P (4). From (2), A = %c an_dlso (lj.produt:es ca.(4t2._2_- Ay = = _(4a, — AW = a => '
- a2 | 1/2 1 T a. E e -
Sdal - =a = o= \/_a (5)- Slmllarly, since (4a® — ¢®)/" = aand A = ¢, (3) gives = — = + b'= ; so from
. ) ) AT 4 da . 22T

L8a -‘@ﬁ =>' _e_3a —Tp = b = E('1 * V3) ). Sﬁbsﬁtuting (5_)'anq (6) into (4) we get:

e
4‘4, -'2-'2

P 23— 3
3+2\/' 3

.

-2a+a(1+\/—)+\/_a—P = 3a+2\/§a—P =;~ a= Pandthus

(2\/‘ 3)(1+\/') f

~ P an dc—-( -—'\‘/5)1?.“' E

. 0 2(9) = ()i + 40 )J+f(w(t),y(t))k > v "j;'—f”&i:-wj-‘;- (fm ek W

(by the Cham Rule) Therefore

e RNt
=£;'{(1+f§)( )+2fmfy( )(i@t’) u””(fﬁ)}

- . ,d-v "_d2:c d2 ' ld:r:‘z. dz dy ? dy
',(b)‘_z_'_'&?_dﬁ +dt2 {”( )+2f“dtdt+f"”’( )+f‘° dt2+fy at? k_

(0) Ifz = a: +:y ‘where z = tcostandy = tsmt thenz = (:r;,y) =t
“_—tCOS“HSmtJH"’k =, v= (cost—ts1nt)1+(smt+tcost).]+2tk, o
K_ = ——[(cost - tsmt)2 + (s1nt+rfcc:>st)2 + (2t)2] = .....(1 +t2 +4t2) (1 +5t2) and

a= ( 2 sint — tcos t) i+ (2 cost — ¢sin t) J, + 2 k Notlce that 1t is ea31er not to use the fonnulas in (a) and (b)

~
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