
Name: due November 18

Math 299 Assignment 10 Fall 2025

Use your own paper to work on the problems listed below, then choose two (note two) of the problems to

write a careful (rewritten and polished) solution on this page.

1. Find values of n (at least four) for which φ(n) = 100.

2. Solve the congruence 16x ≡ 75! (mod 79).

3. Solve the congruence 7x ≡ 334 (mod 37).

4. Determine all possible values for the expression a3 + b3 + c3 − 3abc, where a, b, and c are nonnegative

integers.

5. Show that if 2n + 47 is prime, then n is congruent to either 5 or 29 modulo 36.

6. Suppose that p ≥ 7 is a prime number. Let f(p) be the number of distinct sequences {an} such that

1 ≤ an ≤ p− 1 and anan+2 = 1 + an+1 (mod p) for all n. Prove that f(p) is congruent to either 0 or 2

modulo 5.



Name: due November 11

Math 299 Assignment 9 Fall 2025

Use your own paper to work on the problems listed below, then choose two (note two) of the problems to

write a careful (rewritten and polished) solution on this page.

1. By differentiating a power series given in the notes, find the sums of the series
∞∑
k=1

k2xk and
∞∑
k=1

k3xk.

2. For the given function, find f (100)(0). Hint: First find the Maclaurin series of the function.

a) f(x) = xe−2x b) f(x) = x sin(x3) c) f(x) =
(
1− cos(x2)

)
/x4

3. Find the Taylor series for f(x) = 3
√
x centered at 1.

4. Find the Maclaurin series for the function f(x) = 1/
√

1− x.

5. Evaluate each limit by finding the first few terms of the Maclaurin series for the numerator and the

denominator.

a) lim
x→0

ex
3 − 1

x− sinx
b) lim

x→0

1− cosx+ sinx2

e2x2 − 1
c) lim

x→0

ex
2 − 1− x2

x(sinx− x)

6. Use known Maclaurin series to determine in more familiar terms the function represented by the power

series.

a)

∞∑
k=0

22k

k!
xk b)

∞∑
k=0

(−1)k32k

(2k + 1)!
x2k+1 c)

∞∑
k=0

(−5)k+1

(2k)!
x2k+1

7. Use known Maclaurin series to determine the sum of the given series. Be careful!

a)

∞∑
k=0

(−1)k+152k

(2k + 1)!
b)

∞∑
k=1

(−1)k+1

3k(2k)!
c)

∞∑
k=2

(−1)k+1

2k(k − 1)!



Name: due November 4

Math 299 Assignment 8 Fall 2025

Use your own paper to work on the problems listed below, then choose two (note two) of the problems to

write a careful (rewritten and polished) solution on this page.

1. Find the limit of the sequence.

a)
{
k
(

k
√

2− 1
)}

b)
{( k

k + 3

)k}
c)
{ n∑
k=1

1√
n2 + k

}

2. Let z1 = 3 and let zn+1 =
√

3 + zn for n ≥ 1. Prove that {zn} converges, then find its limit.

3. For each n ∈ Z+, let xn =
1

n+ 1
+

1

n+ 2
+

1

n+ 3
+ · · ·+ 1

2n
. Prove that the sequence {xn} converges.

4. For each positive integer n, let zn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
−
∫ n

1

dx

x
. Prove that {zn} is a decreasing

sequence of positive terms and thus convergent.

5. Let {dk} be the sequence of all positive integers (listed in increasing order) that do not have the digit

0 in their decimal representation. (For instance, 125 is in the sequence but 105 is not.) Prove that the

series
∞∑
k=1

1/dk converges and that the sum of the series is less than 90.

6. Show that the Ratio Test is inconclusive for the series
∞∑
k=1

2−k+1+(−1)k , but that the Root Test shows

that the series converges. Hint: Write out the first six terms of the series.

7. Evaluate

∞∑
n=1

(
1 + 2(−1)n

)
blog2 nc

n2
.

8. Suppose that {an} converges to 1 and satisfies an > 0 and an 6= 1 for all n and let {bn} be a sequence

for which {bn(an − 1)} converges to c ∈ R. Prove that the sequence {abnn } converges to ec.

9. Evaluate, with proof, the limit lim
n→∞

( n∑
k=1

3k2

n3

)n

.

10. Evaluate

∞∑
n=1

1

n(n+ 1)

( 1

n2
+

1

(n+ 1)2
+

1

(n+ 2)2
+ · · ·

)
.

11. Let a0 = π/2 and let an+1 = sin(an) for all n ≥ 0. Determine whether or not the series
∞∑

n=1
a2n converges.

12. Evaluate

∞∑
k=0

(
3 · ln(4k + 2)

4k + 2
− ln(4k + 3)

4k + 3
− ln(4k + 4)

4k + 4
− ln(4k + 5)

4k + 5

)
.



Name: due October 28

Math 299 Assignment 7 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Find the maximum volume for a right circular cylinder if its surface area is a constant value S. Consider

the case in which the cylinder has a bottom but no top as well as the case in which it has a top and a

bottom.

2. Determine all possible values for the expression a3 + b3 + c3 − 3abc, where a, b, and c are nonnegative

integers. Start by showing that the expression can never be negative, then try to find solutions for the

integers 0 to 11.

3. Suppose that a, b, and c are positive numbers such that a+ b+ c = 1. Find the minimum value of the

product (1

a
− 1
)(1

b
− 1
)(1

c
− 1
)
.



Name: due October 21

Math 299 Assignment 6 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Let f :R→ R be a three times differentiable function such that f has at least six distinct positive zeros.

Consider the function h defined by

h(x) = 8x3f ′′′(x) + 12x2f ′′(x)− 6xf ′(x) + 3f(x).

Prove that h has at least four distinct positive zeros.

2. Let f :R → R be a three times differentiable function such that f has at least five distinct real zeros.

Prove that f + 6f ′ + 12f ′′ + 8f ′′′ has at least two distinct real zeros.

3. Let f : (0,∞) → R be a continuous function that satisfies the identity f(1/x) = −f(x) for all x > 0.

Find the value of ∫ √2+1

√
2−1

1

(1 + x2)
(
1 + af(x)

) dx
where a is any positive constant.

Hint: Begin by showing that

∫ 1

1/z

1

(1 + x2)
(
1 + af(x)

) dx =

∫ z

1

1

(1 + u2)
(
1 + a−f(u)

) du
for any z > 1. Then note that

∫ z

1/z

1

(1 + x2)
(
1 + af(x)

) dx =

∫ 1

1/z

1

(1 + x2)
(
1 + af(x)

) dx+

∫ z

1

1

(1 + x2)
(
1 + af(x)

) dx.
This expression can then be greatly simplified.



Name: due October 7

Math 299 Assignment 5 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Prove that

n∑
i=1

(−1)i+1i2 =
1

2
(−1)n+1n(n+ 1) for each positive integer n.

2. Prove that f1f2 + f2f3 + f3f4 + · · ·+ f2n−1f2n = f22n for each positive integer n.

3. Prove that fn+1fn−1 = f2n + (−1)n for each positive integer n > 1.

4. Find (by collecting data) and prove (using induction) a formula for f1 + f4 + f7 + · · · + f3n−2 that is

valid for all positive integers n.

5. Let a1 = 1 and an+1 = 3 − (1/an) for each integer n ≥ 1. Find (by collecting data) and prove (using

induction) a formula for an involving Fibonacci numbers that is valid for all positive integers n.



Name: due September 30

Math 299 Assignment 4 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Prove that 2 cos(3π/7) is a root of the polynomial z3 − z2 − 2z + 1.

2. Prove that

n−1∑
k=1

cot2(kπ/n) =
(n− 1)(n− 2)

3
for all integers n ≥ 2.

3. Use the result of the previous problem to prove that

n−1∑
k=1

csc2(kπ/n) =
n2 − 1

3
for all n ≥ 2.

4. Prove that the equation
n−1∑
k=1

2m(
1 + i cot(kπ/n)

)m = n is valid for all positive integers n ≥ m+ 1.

5. Prove that

n∑
k=0

sin2(kπ/n) =
n

2
for all integers n ≥ 2.

6. Use the result of the previous problem to find a formula for

n∑
k=0

cos2(kπ/n) for all n ≥ 2.

7. Prove that

n∑
k=0

sin4(kπ/n) =
3n

8
for all integers n ≥ 2.



Name: due September 23

Math 299 Assignment 3 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Prove that the area of the square on the side of a regular pentagon inscribed in a circle is equal to the

sum of the areas of the squares on the sides of the regular hexagon and the regular decagon inscribed

in the same circle.

2. Prove that csc(π/10)− csc(3π/10) = 2.

3. For a positive integer n, let fn(x) = cosx cos(2x) cos(3x) · · · cos(nx). Find the smallest n such that

|f ′′n (0)| > 2023.

4. For the figure below, find the value of x ∈ (0,∞) that will maximize θ. Treat a and b as constants.

a

b

x

θ
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Name: due September 16

Math 299 Assignment 2 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Referring to the last figure in problem 5 from Class Period 2, use similar triangles to prove the

Pythagorean Theorem.

2. Prove the law of sines (see problem 6 from Class Period 2).

3. Find and prove identities for sin(3x) and cos(3x).

4. Find the values of sin(π/5) and cos(π/5). One option is to note that sin(3π/5) = sin(2π/5) and the

figure below provides another option (using α = π/5).
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Name: due September 9

Math 299 Assignment 1 Fall 2025

Use your own paper to work on the problems listed below, then choose one of the problems to write a careful

(rewritten and polished) solution on this page.

1. Find the area of the region in the first quadrant bounded by the graph of y = x3, the x-axis, and the

tangent line to y = x3 at the point (a, a3), where a is a positive constant.

2. Evaluate lim
n→∞

n∑
i=1

1

n+ i
.

3. Find the minimum distance from a point on the curve y = 4/
√
x to the origin.

4. Let a and b be positive constants. Find an equation for the line that passes through the point (a, b) and

cuts off the least area in the first quadrant.


