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One simple nontrivial solution is 2% = 42,

We can seek solutions in the set of integers, the set of rational
numbers, the set of real numbers, or the set of complex numbers.

We restrict ourselves to the set of positive real numbers.
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Suppose x and y satisfy x¥ = y*, where x # y unless x = e = y.

Denote the value of y corresponding to x by E(x).

It follows that Inix = In E(x)

b%s E(x)

Hence, solutions to x¥ = y* correspond to horizontal chords on the
In x

graph of B(x) = —.
X



y =10Inx/x
L E(u)
_ Inu  InE(u) Inv InE(v)
I | hat — = — = d E(e) =e.
t is clear that y Ew) ' v Ev) and E(e) =e
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Define t by t = y/x.

x=y* & txlnx=xlIn(tx)
& tinx=Int+Inx

Int

& Inx=
t

Parametric equations for the curve y = E(x) are thus
X(t) = /0D y(e) = /6
as t runs from 0 to oo.
. _ 3v3 V3
t =3yields x =+v3and y =3v3: /3~ =(3V3)

Note that y(t) = t x(t) and y(t) = (x(t))*.
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With t =1+ —, where s > 0, the parametric equations
s

X() = e,y () = /0D

become

x(s) = (1 + 1)5, y(s) = (1 + %)SH.

You may recognize a familiar limit here. These equations easily
generate rational numbers that satisfy x¥ = y*.

s=1,2,3 gives (2,4), (9 27), <64 256).

48 27’ 81

Rational solutions x < y if and only if s is a positive integer.
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We now return to the equation

Int
t—1

=f(t) (F(1)=1)

Inx =

f:(0,00) = (0,00) is a strictly decreasing, continuous function.
Let g: (0,00) — (0,00) be the inverse of f.
Then g is also a strictly decreasing, continuous function of the

interval (0, c0) onto itself.

t=g(f(t)) =g(lnx) andthus E(x)=y=tx=xg(Inx).
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t+1— (t) t—1~" \t
is valid for all t > 0 and equality occurs only for t = 1.

The proof is elementary. It is accessible to calculus students and
real analysis students should be able to prove it.

2 1 1
=1-Z(t—1)+ (t—-1)>%+--
t+1 Rt D=1
Int 1 1
=1-Z(t—1)+(t—1)>%+--
— Ht=1)+3(t-1)"+

1 1 3
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X (Inx)2

is valid for all x > 1 and equality occurs only for x = e.

Int < 1
t—1

Inx =

S
Q%
m



The inequality
2
¢ < E(x) < x

X (Inx)2

is valid for all x > 1 and equality occurs only for x = e.

Int 1 X

Inx =

The equivalence

reveals that







E()=e—(x—e)+ 2 (x—ef+
(G D

The three functions are very close near e, but there is a vast
discrepancy as x — 17 and x — oo.
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It is sufficient to prove that E'(x) < 0 and E”(x) > 0 for all x > 1.

Given the range of the function ef(!) it is sufficient to prove that
E'(ef(®) < 0 and E"(ef(V)) > 0 for all t > 0.



E(x) = xg(Inx);
E(ef®)) =t f(®),
E%J“Uf%ﬂ::tﬂu)+1;(wmntf%ﬂ4—1>0>

()
(F(1))*

E"(e"M)e (OF (1) = 1 — (want £(2) > (F/(£))?)
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(£ = 1)F(6) + F(£) = % o Ht—1)F() =1—tF(8)

(t—1)f"(t)+2f'(t) = —tlz & P(t-1)2F"(t) = 1-3t4+2t%f(1)



_ 1—tf(t)

tf'(t)+1
(t) + 1

1 (1)




_ 1-tf(t) 1= t(1— £(t))

!
tf(t)+1 ] —

t2(t — 1)2(F"(t) — (F'(£))?) = —2(F(t))> + 2t(t + 1)f(t) — 3t



_ 1-tf(t) 1= t(1— £(t))

!
tf(t)+1 ] —

t2(t — 1)2(F"(t) — (F'(£))?) = —2(F(t))> + 2t(t + 1)f(t) — 3t

2(t + 1)f(t) > 3+ t(f(t))?



O IR i OB et {O)

t—1 t—1

t2(t — 1)2(F"(t) — (F'(£))?) = —2(F(t))> + 2t(t + 1)f(t) — 3t

2(t + 1)f(t) > 3+ t(f(t))?

These are not difficult but a bit tedious to prove analytically.



O IR i OB et {O)

t—1 t—1

t2(t — 1)2(F"(t) — (F'(£))?) = —2(F(t))> + 2t(t + 1)f(t) — 3t

2(t + 1)f(t) > 3+ t(f(t))?

These are not difficult but a bit tedious to prove analytically.



How about other options?



How about other options?

1. Use parametric equations.

x(t) = (1 + %)t,



How about other options?

1. Use parametric equations.

=(1+7)" wo=(+1)"




How about other options?

1. Use parametric equations.

=(1+7)" wo=(+1)"

2 /
A CRAte)

Show that the function y’(t)/x'(t) is increasing for t > 0.



How about other options?

1. Use parametric equations.

=(1+7)" wo=(+1)"

2 /
A CRAte)

Show that the function y’(t)/x'(t) is increasing for t > 0.

This gets very messy. (But it does work.)
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2. Return to the equation

and take two derivatives.

This also works but, as you may envision, it is extremely tedious.



1 U(B(x))e

It follows that E(x) = U(B(x)).
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3. Return to the function 5(x) = %

Let U: (0,1/e] — (1, €] be the inverse of 5.

Then E(x) = U(B(x)) for all x > e.

B is decreasing and convex on [e3/2,

o0);
U is increasing and convex on (0,1/e].

3/2
)

It follows that E = U o f is convex on [e*/%, c0).

This gets us close, but alas, we need the interval [e, o).
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4. Use the Lambert W function (the inverse of x e¥).

With a little effort, we can show that
W(—p5(x
E(x) = exp(~W(~5(x))) and E(x) = 2P
The first expression can be used to show that E is convex on the
interval [€3/2, c0).

For this approach, we need to use an abstract function and, more
importantly, we still come up short.
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coauthor: Alan Beardon, University of Cambridge

Thanks for listening.
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