R"™ is the set of all n-tuples of real numbers

C([a,b]) is the set of all continuous functions defined on [a, ]

P, is the set of all polynomials of degree less than or equal to n
P is the set of all polynomials

¢p is the set of all sequences {ay} for which {ax} converges to 0

oo
¢1 is the set of all sequences {ay} for which the series ) |ax| converges
k=1

{5 is the set of all sequences {ay} for which the series i lax|? converges
ls is the set of all sequences {ay} for which {ay} is b(I;EIllded
A metric space (X,d) consists of a set X and a real-valued function d defined on X x X that
satisfies the following four properties.
1. d(z,y) >0 for all x,y € X.
2. d(z,y) = 0 if and only if x = y.
3. d(z,y) =d(y,x) for all z,y € X.
Cd(z,y) <d(z,z) +d(z,y) for all z,y,z € X.

B

The function d, which gives the distance between two points in X, is known as a metric.

A normed linear space X is a vector space X with a norm defined on it. A norm on a vector space

X is a real-valued function defined on X with the following four properties:

1. ||x]| >0 for all x € X.
2. ||x|| = 0 if and only if x = 0.
3. |lex|| = |c|||x]| for all x € X and ¢ € R.
4 Jx+y] < x| + lly] for all x,y € X.
A norm on X defines a metric on X via the definition d(x,y) = ||x — y||.

An inner product space X is a vector space X with an inner product defined on it. An inner
product on X is a real-valued function defined on X x X with the following five properties:
1. (x,x) >0 for all x € X.
(x,x) = 0 if and only if x = 0.
(x,y) = (y,x) for all x,y € X.
(cx,y) = c(x,y) for all x,y € X and ¢ € R.

AN B o

(x+y,z) = (x,2z) + (y,z) for all x,y,z € X.

An inner product on X defines a norm on X via the definition ||x|| = /(x,x).

Every normed linear space is a metric space.

Every inner product space is a normed linear space and thus a metric space.



— lax — b
One metric on the set {o is given by d({ax}, {br}) = Z W.
k=1

) . lar — bi|
Another metric on the set £, is given by d({ax}, {br}) = .
kZ:l Qk(l + ]ak — bk‘)

A norm on the set C([a, b]) is given by ||z(t)|| = max{|x(t)| : ¢t € [a, b]}.

b
Another norm on the set C([a, b]) is given by ||z(t)|| = / (x(t))2 dt.

oo
A norm on the set ¢; is given by |[{ax}|| = Z |ag|.
k=1

b
An inner product on the set C([a,b]) is given by (z(t),y(t)) = / z(t)y(t) dt.
b
This inner product generates the norm ||z (t)|| = / (x(t))2 dt.
An inner product on the set {5 is given by ({a}, {br}) = Z arby.
k=1

This inner product generates the norm |[{ax}|| =

Let {z,} be a sequence in a metric space (X, d). The sequence {x,} is a Cauchy sequence if for
each € > 0 there exists a positive integer N such that d(z,,x,,) < € for all m,n > N.

A metric space (X, d) is a complete metric space if every Cauchy sequence in (X, d) converges to a
point in X.

A Banach space is a normed linear space that is complete under the metric defined by its norm.
A Hilbert space is an inner product space that is complete under the metric defined by it inner

product.

[ee)

. |lax, — byl
The metric d({ax}, {bx}) = Z 2
£ 2k (1 + ag — by|)

The set C([a, b]) with the norm ||z(¢)|| = max{|z(¢)| : t € [a,b]} is a Banach space.

on {-, does not come from a norm.

b
The set C([a, b]) with the norm ||z(t)|| = / (x(t))? dt is not a Banach space.

The set ¢5 with the inner product ({ax}, {br}) = Z aby is a Hilbert space.
k=1



Cauchy-Schwarz Inequality:

In any inner product space, we have |(x,y)| < ||x]|| ||y for all x and y.

Assume that y # 0 and let ¢ = {x, y>. We then have
(v,y)
0<|x— cyH2 =(x—cy,x—cy)
= (x,x) — (x,cy) — (cy,x) + (cy,cy)
= (x,x) —c(x,y) — ¢({x,y) — c(y,¥))
= (x,%x) — c(X,y)
’ (v,¥)
— || ||2 _ <X7y>2
Iyl
_ =Pyl - 6, y)?
yl?
and thus
(x, )% < Ix[lyl? & |, ¥ < Ix[[ [¥]]-

Triangle Inequality:

In any inner product space, we have ||x + y|| < ||x|| + ||y for all x and y.

For vectors x and y, we have

Ix+yl*=(x+y x+y)
= (x,x) +2(x,y) + (y,¥)
< (x,x) +2|(x, )| + (v, ¥)
= [Ix[I” + 2[(x, y)| + [ly|?
<11+ 2llx] Iy ]| + [y 1I?

= (=l + lIy[)*

and thus ||x +y| <[] + [ly]]-



In the inner product space C([0,6]), find an orthogonal basis for span {1, ¢,2}.

In the inner product space C([1,2]), find an orthogonal basis for span {¢,In¢}.

32 7

2
t,t) = Pdt=—| =~
(t.1) / | =1

{t,Int) /2t1 tdt <1t21 ¢ 1#)‘2 22— 3
n = n = — nt — — — n2— —
’ 1 2 4 1 4
(t,Int) 2In2—-% 3/3 B 9 6
Int - S t—lnt—gt—lnt+7<4—2ln2)t—lnt+<28—71n2)t

An orthogonal basis is thus {¢,28Int + (9 — 24 In 2) ¢}.



