Exam 2 Review Solutions

1. True or False, and explain:

(a) The derivative of a polynomial is a polynomial.
True. A polynomial is a function of the form ag+aiz+azz?+. .. a,z",
and its derivative will also have integer powers of x.

(b) If f is differentiable, then £/ f(z) = 2{)%

True:
Ll x _4d T 12 _ L N2 () = f'(x)
VT = o ()2 = U™ @) = 35

(c) The derivative of y = sec™!(x) is the derivative of y = cos(x).
False. The notation, sec™!(z) is for the inverse secant function, which
is not the reciprocal of the secant.

(d) £(10%) = z10°7!
False. The Power Rule can only be used for 2™, not a®. The derivative
is 107 In(10).

(e) The equation of the tangent line to y = 2% at (1,1) is:

y—1=2z(x—1)

False. This is the equation of a parabola, not a line. The derivative,
y = 2z gives a formula for the slope of the tangent line, and is
not the slope itself. To get the slope, we evaluate the derivative at
xz = 1, which gives 3y’ = 2. The slope of the tangent line is therefore
y—1=2(x-1).

(f) If y = €2, then y = 2e
False. €2 is a constant, so the derivative is zero.

(g) Ify:ax—l—b,then%:x

True. % means that we treat a as an independent variable, and x, b

as constants.
2. Find the equation of the tangent line to 23 +%% = 3zy at the point (%, %)

We need to find the slope, Z—i , ,
r=3/2,y=3/2

y —?
Y-z

32% 4+ 3y*y =3y + 32y = ¥ (3y* —3z) =3y —32° = ¢/ =

Substituting x = 3/2,y = 3/2 gives y’ = 1, so the equation of the tangent
line is y — 3/2 = —1(x — 3/2)



3. If f(0) =0, and f/(0) = 2, find the derivative of f(f(f(f(x)))) at x = 0.

A cute chain rule problem! Here we go- the derivative is:

P @) - f ) () f (@)
Now subsitute £ = 0 and evaluate:
FIECC))) - F1(FOF0))) - f1(f(0)) - £(0)
F1(0) - f/(0) - f(0) - f'(0) = 2* =16
4. Derive the formula for the derivative of y = cos~!(z) using implicit differ-

entiation.

First, cos(y) = x, so that implicit differentiation gives —sin(y)y’ = 1, so
y' = —1/sin(y). Now to convert this back to x, draw a right triangle with
y as one of the acute angles. Label the adjacent side as x, hypotenuse as
1, so the length of the side opposite is v/1 — z2. This gives:

, -1

o

5. Find the equation of the tangent line to /y + 2y* = 5 at the point (4, 1).

Implicit differentiation gives:

1
51‘/71/2?/ +y* 4+ 2zyy’ =0

Now we could solve for 4’ now, or substitute z = 4,y = 1:
1
§1—1/2g/ +12424) 1)y =0=9 = —2/17

The equation of the tangent line is y — 1 = 72 (z — 4)

d d
6. If s*t +t*> =1, find 9% and 9.

The notation % means that we are treating ¢ as a function of s. Therefore,

we have:
pd g a2t
ds ds — s2+ 3¢2

For the second part, we have two choices. One choice is to treat s as a
function of ¢t and differentiate:

dt
2st + 82— + 3
ds

d d —(s% + 3¢t2
0sB i 2 ygr o B T +38)

dt dt 2st
Another method is to realize that:
ds 1 1 s*4+3t2
dt T dt —  _—2st st

ds 524+3t2
Cool!



7.

10.

If y = 2® — 2 and = = 322 + 5, then find %.
We see that ‘;—Z = %Z—ﬁ, so we calculate j—l’ and Z—‘::

d
%szQ, — =62z

so that p

dy 32262 = 3(322 +5)% - 62 = 182(322 + 5)?
z
A space traveler is moving from left to right along the curve y = 2.
When she shuts off the engines, she will go off along the tangent line at
that point. At what point should she shut off the engines in order to reach
the point (4, 15)?
The unknown in the problem is a point on the parabola y = z2. Let’s
label that point as (a,a?). Now our goal is to find a.
First, the line will go through both (a,a?) and (4,15), so the slope will
satisfy:

a? —15
a—4

Secondly, the line will be a tangent line, so the slope will also be m = 2a.
Equating these, we can solve for a:

a?—15

1 =2a=a’—-15=2a(a—4)=>a*-8a+15=0=>a=3,a=5
a—

Since we’re moving from left to right, we would choose the smaller of these,
a=3.

A particle moves in the plane according to the law x = t2+2t, y = 2t3 —6t.
Find the slope of the tangent line when t = 0.

The slope is d , but we can only compute 7 dz and dy Note however, that

dy % 6t>—6

=4
dx o 2t + 2

So, at t =0, %:—3.
Find the coordinates of the point on the curve y = (z — 2)? at which the
tangent line is perpendicular to the line 2z —y +2 = 0.

First, recall that two slopes are perpendicular if they are negative recip-
rocals (like —3,1 ).

The slope of the given line is 2, so we want a slope of —%.

The « that will provide this slope is found by differentiating:

1 7 1
g — — = —— = — 1 = —
Y =2(x—2)=2(r—2) 5 = %= from which y 16



11.

12.

13.

14.

For what value(s) of A, B, C does the polynomial y = Ax? + Bx + C
satisfy the differential equation:

y//_’_y/_2y:x2

Hint: If az? 4+ bz + ¢ = 0 for ALL z, then a = 0,b = 0,c = 0.

As we did in class, compute the derivatives of y and substitute into the
equation:
y =2Ax+ B, 3" =2A

so that:
2A + 2Ax + B — 2(A2® + Bz + O) = 2*

Now collect coefficients to get:

(=1 —24)2% + (24 - 2B)x + (24 - 2C) =0 for all =

If V = sin(w), w = \/u, u = t> + 3t, compute: The rate of change of V/
with respect to w, the rate of change of V' with respect to u, and the rate
of change of V' with respect to t.

dav

- = cos(w)

v dv dw 1 cos(y/u)
T dw du —cos(w)-z\/a— 2/u

AV dV dw du 1 cos(vVt? + 3t)

or 2y 8t (2t — 2V E O (9
U T dw du ar W) 2V @i+3) = = Toasr Y

Find the points on the ellipse 22 4+ 2y? = 1 where the tangent line has
slope 1.

Implicit differentiation gives:

2% +dyy' =0 =y = —
2y

To have a slope of 1 will mean that: ;—; = 1, so that x = —2y. Substituting

this back into the equation of the ellipse, we get:

1 —9
(292 +2 =1=6>=1=y=+——, sothat z = +

V6’ NG

The coordinates are either: (—%7 %) or (%7 —%)

Differentiate. You may assume that y is a function of x, if not already
defined explicitly.



(a) v2zy + 2y® = 5 (and solve for %)
Before solving for 3/, we get:

1 _
5 (2zy) Y2 2y + 22) + 4* + 3Py =0

,_ —(yey) 2 +y?)
z(2zy)~1/2 + 3zy2

(b) y = /22 +sin(x)

@_1

dr — 2
(c) y =) 4 sin(57)

(«® + sin(m))71/2 (2x + cos(z))

y' = @) (—sin(z)) 4 cos(5%) - 5% In(5)
(d) y = cot(3x2 + 5)

y = —csc?(32% + 5)(62) = —6x csc?(322 + 5)
(©) y = a0
Use logarithmic differentiation: In(y) = cos(z) - In(z), so that
L, : 1
—y' = —sin(z) In(x) + cos(z) - .

Multiply both sides of the equation by y, and back substitute y =
2¢5(%) to get:

y = s (— sin(z) In(z) +

(f) y = /sin(V/)

1 1
y/ — §(sin($1/2))_1/2 COS($1/2)§J}_1/2

=)

(8) Vr+y=1

Loy 1 oy,
_ _ — 0
2x + Sy Y

’ 3:‘/2/3

V=791
(h) ztan(y) =y —1

/ /

tan(y) +zsec’(y)y’ =y

o) _
1 —xzsec?(y)



(i) y = vz e® (2% + 1)1 (Hint: Logarithmic Diff)
First, we rewrite so that:

In(y) = ln(vze* (22 + 1)10)

Use the rules of logarithms to re-write this as the sum:
1 1
In(y) = 3 In(z)+2?In(e) +101In(z? +1) = 3 In(z)+22+10In(z? +1)

So far, we’ve only done algebra. Now it’s time to differentiate:

Lo

1 1
—F20+10- 57— 22
Y x x

+1

DN | =

Simplifying, multiplying through by y:
, 1 P 20z
= — €T _—
A x2+1
Finally, back substitute y:

;o 22, 2 10 1 20x
y—\/fe (1‘ +1) '<2x—|—21‘+x2+1)

G) y= sin~? (tanfl(x))
This is a composition, so use the chain rule:
. 1 1
Yy = )
1-— (tam’l(as))2 z+1

(k) y =1In]csc(3z) + cot(3z)|
Recall that the derivative of In|z| is <, so using the Chain Rule:

1
/ =
csc(3z) + cot(3x)

. [7 csc(3x) cot(3x) - 3 — csc? (3z) - 3}

Which can be simplified:

,_ —3esc(3z)(cot(3x) + esc(3z)) csc(3z
y = csc(3z) + cot(3x) e

1) y= %7—% First, note that y = —2t =3/ so 3y = %t_7/4
(m) y=a31/"
Y =37V 4237/ In(3) . 272
(n) y=e

y' = 2 9e In(2)e”



(0) y=atan™!(v/)

Overall, use the product rule (then a chain rule):

1 1
(Vo2 +1 2z

y' —tanl(ﬁ)+m~< ) —= tan~(v2) + vV

2(z2+ 1)

(p) y = 2" Before putting in the values, note that this derivative will
be in the form:
d d
y/=e()‘£(2())'%ew :e().Q()ln(Q).ea;

Putting in the appropriate expressions gives us:
Y = e 2° In(2)e”
(q) Let a be a positive constant. y = z% + a*
Y =ax""! +a"In(a)

(r) 2¥ =y°*
We must use logs first, since the exponents have x and y:

In(2¥) = In(y*) = yIn(r) = zln(y) = ¢/ ln($)+yé = In(y)+z- 1y

Now isolate and solve for y’:

y (ln(x) - i) —In(y) — 2 >y = In(y) — % _ y(@in(y) —y)

(s) Rewrite first: y =1n ( gif;) = 1 (In(3z 4+ 2) — In(3z — 2)) Now ¢/

can be computed:

, 1( 3 3\ 1/3Bzx—2)-30Bx+2)\ —6
y_2(3x+2_3m—2>_2( (32 +2)(3z — 2) >_(3x+2)(3m—2)



