Real-World Application:
The Line Of Best Fit

Given a set of p data points, (z1,v1), (22, Y2), - - -, (2, Yp), we would like to find the equation
of the line
y=mzx+b

that “best” describes this data. If the data were exactly linear, we would only need two data
points to determine the line- The problem is, there is some “error”’- No line will exactly go
through all the data. Algebraically, we are saying that for any choice of m, b, it will probably
be the case that:

Yi # mz; +b

Therefore, the error taken at x; is typically taken to be
(yi — (ma; +b))* = (y; — ma; — b)?
Sum these errors together, and this is our error function:
E(m,b) = (y1 — mxy — b)* + (y2 — maa — b)* + ... + (y, — mx, — b)*

This function depends on two inputs, m, b. We can simplify this to a function of one variable
by the following:
Define T to be the mean (or average) of the z’s, and 7 to be the mean of the y’s. It can
be shown that the intercept will be:
b=7y—mT

Now take #; = x; — T and § = y; — 7 (this is called mean-subtracting the data). Then our
new error function is:

E(m) = (i1 — mi1)® + (G2 — mi2)* + ... + (9, — md,)?

The minimum error is found by differentiating the error, setting the result to zero and solve
for the slope:

dFE . ) . . . . . . .
P 2(91 — m&1)(=21) + 2(g2 — md2)(—=22) + ... + 2(Jp — m;)(—2p) =0

Divide by 2, expand the result and isolate the slope:

m (33 + 2" + .. 22) = Buds + Bada + -+ Byl
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Example: Find the line of best fit through the points:

x| -1 0 1 2 3
y|—-49 —20 14 43 6.8

SOLUTION:



First,

—14+0+1+2+3 . —49-2+14+43+6.8

T =

so once we find the slope m, the intercept b = 1.12 — m(1).
Mean-subtract the data, then compute the slope:

Y y Ty |
—49|-6.02 12.04
—2.0 | —3.12 3.12
14| 028 0
43| 3.18 3.18
6.8 568 11.36
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The sum of the column £ is 29.7 and the sum of 22 is 10. This gives the slope and then the

intercept:

mzzifz2.97 b=112-297=-1.85

The line of best fit is y = 2.97x — 1.85. We might also note that the actual error function in
this case is:

E(m) = (—6.02 4+ 2m)* + (=3.12+ m)* + (0.28 — 0)* + (3.18 — m)* + (5.68 — 2m)?

If we were to expand and simplify, the graph of E is a parabola.

Figure 1: The data and the line of best fit.



