Exam 1 Review Solutions

Please also review the old quizzes, and be sure that you understand the homework problems. General
notes: (1) Always give an algebraic reason for your answer (graphs are not sufficient), (2) You may not use
shortcut rules for derivatives (these are covered in Chapter 3- If you don’t know what I'm talking about, don’t
worry about it). (3) We will usually use the a, h version of the definition of the derivative- It’s usually easier
with the algebra.

1. Finish the definition:

(a) lim f(x) = L if, for every € > 0, there is a 6 > 0 such that: if 0 < |z —a| < J, then |f(z) — L] <e

r—a

(b) The function f is continuous at z = a if: lim f(z) = f(a).
r—a

Also, this definition implies three things: (i) f(a) exists, (ii) lim,_,, f(z) exists, (iii) Items (i) and
(ii) give the save value.

(c) The derivative of f at the point z = a is:

oy e Jlath) — f(a)
fila) = Jimy h
24
2. Find the domain: f(z) = zf_igﬂ
To find the domain, we require that:
(c+2-2)
(1+2)(1 )
so we use a table to solve:
(x+2) — + + + +
(x —2) - - - - +
1+z)| - — + + +
(1—1x) + + + - -

[z<-2 2<z<-1 —-1<z<1l 1<x<2 z>2

By the table, the domain is:

—2<z < -1,o0r 1 <z <2, (which is also where f(z) is continuous). (NOTE: It is easier to type a sign
chart using the intervals under each column- When you’re writing by hand, that is not necessary- Just
label the where the breaks are on the number line)

3. Find the domain: f(z) = In(2? + 2z — 3)

The domain of the natural log is the set of positive real numbers (not including zero). So we need to
solve for = so that
P +2r-3>0 = (r+3)(z—1)>0

Use a sign chart:
(x+3) - + +
(x—1) — - +
lz<-3 -3<z<1l z>1

Sox < —-3orz>1.

4. The formula for the equation of the tangent line to f(z) at 2 = a is (use the point-slope form):

The point that the line must go through is (a, f(a)). The slope of the tangent line is denoted by f’(a).
Put these together (with the point-slope form for a line) to get:

y—fla) = f'(a)(x - a)

5. True or False, and give a short reason:



(a) lim o 8 = lim 2\ lim 8
e—d\x—4 x—4) a-4\x—4 z—a\x —4

FALSE. The limit rules (Section 2.3) say that we can only distribute the limit through a sum if the
two limits exist separately. In this case, the two limits do NOT exist separately.

(b) lim 3:2+4 _ l‘imxﬂ(az + 4)
z—1 22 -3  lim,_, (22 — 3)
TRUE. The limit rules say we can do this as long as the limit in the numerator and denominator
exist (and the limit in the denominator is not zero). By this rule, the limit is (5/ — 2) = —2.5.

By the way, this is how we showed that all rational functions are continuous on its domain.

(c) If f is continuous and f(1) =3, f(2) =4, then there is an r so that f(r) = 7.
TRUE. Since 3 <7 <4 (or f(1) <7 < f(2)), and the function f is continuous, the Intermediate
Value Theorem says that there is a ¢ in the interval [1,2] so that f(c) = .

(d) All functions are continuous on their respective domains.

FALSE. It is easy to construct a function that is not continuous on its domain- We can use a
piecewise defined function, like:

1 if 1
f(x)_{ $+0 1fi;
and so, while f(1) =0, the limit at © = 1 does not exist.
(e) In(z + 3) = In(z) + In(3)
FALSE. We do have formulas for In(ab) = In(a) +1n(b), but we do NOT have formulas for In(a+b).
(f) sin™!(x) = m
FALSE. We reserve the —1 exponent in functions to denote the inverse of the function, not the
reciprocal. For example, here the inverse sine function has domain —1 < x < 1, but the domain

of 1/sin(x) = csc(x) are angles (excluding the points where sin(x) = 0)- so the domains do not
match as well.

(g) A vertical line intersects the graph of a function at most once.

TRUE. This is the vertical line test to see if a graph is the graph of a function. That is, each x can
must have a unique f(z).

0
(h) If, when taking a limit of a rational function, we get 0’ then the limit does not exist.

FALSE. If we get 0/0, we cannot say if the limit exists or not (we must do more work).

6. For the function f(x) = 2, find and simplify the expression

f(x+h) = f(x —2h)
3h

If f(x) =22 then f(z+h) = (x + h)? = 22 +2zh + k%, and f(z — 2h) = (v — 2h)? = 22 — 4xh + 4h°.
Putting these into the given expression,

2% + 2xh + h? — (2* — dzh 4+ 4h%)  6xzh — 3h?

3h 3

7. Show that there must be at least one real solution to:
=244

We need to set this up for the Intermediate Value Theorem, so we need to re-write the equation so that
f(z) = 0. In this case, we get:
-2 —4=0

so that f(z) = 2° — 22 — 4, which is a polynomial, and therefore continuous for all # (continuity was a
requirement of the IVT).



Now we begin substituting values of x into f until we observe a sign change:
fO)=—4 f(1)=—4 [f(2)=24

so the IVT says there is at least one ¢ in [1,2] so that f(c) = 0. This will be the solution to the original
equation.

8. Solve for z:

(a) 2% <2z +8
Rewrite, factor, and use a sign chart: 22 —2r —8 < 0= (x —4)(z +2) <0

xz—4 — - +
T+ 2 — + +

r<—2 2<x<4 z>4

The solution is the set of x so that —2 < z < 4.
(b) e’ =4
Take the natural log of both sides (or rewrite using logs):

In(4) = 2 2 = ++/In(4)
(We do note that In(4) > 0, so this is a real solution).

(¢) In(b —2z) = -3
Rewrite in exponential form:

5—e 3
2

e 3=5-22 = z=

(d) In(In(x)) =1
Rewrite in exponential form twice:

We might verify that this is a solution:
In(In(e®)) = In(eln(e)) =In(e- 1) = In(e) =1

9. If f(z) =1—a3, g(x) = L, compute the expression for f o g, gog (and simplify), go f.

1
fog=f(9($))=f(1/$)=1—(1/96)3=1—g
1
gog:I:x
gof=g(l—a%) = ——
1— 23
. . . 5T 1
10. Use the €, d definition of the limit to show that hm1 3—7 =5
T—

We begin with our scratch work: Start with |f(z)—L| < €, and we want to end with |z —a| <“Expression
in €”, which will be §.

5 2
:>§|1—x\<e :>|1—$|<£

S5r 1
5

3- -3 <

55w
2 2

2 2

(Note that |a — b| = |b — a)



Now we give the actual proof:: Given any € > 0, take § = % Then:

O<|zx—al<d =|z—1]<2¢/5
= gx—— <€
:ﬁ_g <€

=3-3z—1|<e
= |f(e)—L|<e

11. Compute each limit algebraically (if it exists):

(a)

11
I z+h NZ
hli% h
. %fTh % 1 Ve—vVaz+h Ve+vVa+h
lim X2 VT — {jpy = . . =
h—0 h h=0h  Jzvr+h rH+vz+h
lim —(z+h) -1 -1
hﬁoh \/E\/x+ h(VZ+vzth) «-2/x 2237
2?2 —4
lim ——
3:—>2;—§
24 24 2)(z —2)2
lm &2 i A gy EHDE=DI e — 16
o2 L _ 1 2 2= r—2 2—x r—2
x 2 2x
2?2 —2x—3

im 22 —22 -3 _4-4-3 _3
@52 -3 2-3
(Be sure to check the numbers before doing any algebral)

lim (/22 4 22 — x)

T—r 00

r————-=lim V——— = lim ————— =
z—00 Va2 +2z4+x oo V24 2rx4ax moo Va4 2r 4

2 2 2 2
v/ =lm ——=lm ———=-=1

wamwv oo Jaraaw g e frp2g g 2

V22 +2 2 4 2z) — o 2
lim Vo7 g 27— g VESEEEL py, A 8 :

Remember, if z > 0, we can write z = V22, and if z < 0 (in the next problem), we will need to

write £ = —v 2.
3r+2

. 2 . 1‘2 — 53?
lim z“sin
x—0 x26

We can think of this as: lirr%) 2?sin(A) T don’t care what A is, as long as it is going to infinity and
T—r

not a number. If A were going to a number as x — 0, then the limit could be found by substitution
of x = 0. Since A is going to infinity, we can use the Squeeze Theorem:

—z? < 2? sin(A) < x?

Because the left and right sides of the inequality go to zero, so must the middle function. (The
answer is zero, by the squeeze theorem).



()1, 2 —4
& 0y 3x—14

. 22 —4 . (x=2)(x+2) 4
lim = lim = —
2—2222 +3x—14 25222+ 7)(z—2) 11
If you had trouble factoring the denominator, be sure to use the fact that we know that (z — 2) is
a factor- That is, if p(z) is a polynomial, and p(a) = 0, then (z — a) is a factor for p(z).

(h) lim (1—1)
z—0t \ T |z]

Before continuing, rewrite the function to get rid of the absolute values:

1_1_{ 0 ifz>0

ifz <0

z
so the limit as  — 0T is 0 .

12. Find all vertical and horizontal asymptotes for \/%

Vertical asymptotes for a fraction like this will appear when the denominator is zero AND the numerator
is NOT zero. Factoring the denominator, we get 22 — 22 — 3 = (z — 3)(z + 1). The numerator is not
zero at either x = 3 or x = —1, so this function will have two vertical asymptotes,

(RECALL that = = a is a vertical asymptote for f if hmi f(x) = +o0)

r—a

For the horizontal asymptotes, we take the limit as x — +oo:

2z + 3 243 2+2
lim s lim —%— = lim —2%— =2
z—00 \/p2 —9p — 3  x—oo  [g2_ 953 T—00 /1 2 3
z2 x 2
2z +3 243 2+ 32
lim s lim ——%— = lim —F—%—=-2
z——00 /32 — Q1 — 3 T——00 22973 T——00 1 2 3
-V z2 - Tz 22
The lines y = 2 and y = —2 are horizontal asymptotes.

13. Find all the values of a for which f will be continuous for all real values.

4—22 ifzx<3
(a) f(x):{ 3—ax ifzx>3
Go through all three parts for continuity! The only “problem” value(s) of = is at x = 3 At this
point:
o f(3)=4—9=—5,s0 f(3) exists.
e The limit as  — 3 has to be found separately from the right and left:

lim 3—axr=3-3a
r—3+

and

lim 4—2%=-5
r—3~

Therefore, for the limit to exist, 3 — 3a = —5, or a = 8/3. At this value of a, the limit is —5.
e We see that, if a = 8/3, then the first two numbers (f(3) and the limit) are equal.
If a = 8/3, the function is continuous for every x.
2—-2 ifzx<a
(b) f(x)_{ 201 ifz>a
Again we see that, if z < a, f(z) = 22 — 2, which is continuous. Also, if z > a, then f(z) = 2r—1is
continuous. The only problem point will be at x = a. At this point, we check the three conditions
for continuity:



e f(a) = a® — 2, so this exists for all a.
e The limit must be found separately from the right and left:

lim 2z —1=2a—1
r—at

lim 22 —2=a%?-2
r—a~

For the limit to exist overall, we must have:
a?~2=2a-1 =d*-2a-1=0 =a=1+V2
The limit will exist if @ = 1 + /2. In these cases, the limits will be 1 + 24/2.
o If a =1++/2, then f(a) = f(1++/2) =14 2v/2, which makes the first two items equal.
If @ is either 1 ++v/2 or 1 — \/5, we have shown that f is continuous at every z.
© fy={ 7t oz
a ifx=42
There is no value of a that will make this function continuous, since the limit does not exist at
x =2 (that is, (z — 2) and (z + 2) will not cancel out of the fraction. For example,

216
L =+

lim 5
z—2%f 1% —4

(The denominator is going to zero but the numerator is NOT).

14. The displacement (signed distance) of an object moving in a straight line is given by s(t) = 1+ 2t +t2/4,
where ¢ is in seconds.

(a) Find the average velocity over the time period [1,2].
2) — (1 -8B 1
The average velocity is ( ; — j( ) =5 ‘i =7

(b) Find the instantaneous velocity at ¢ = 1.

The instantaneous velocity is s'(1):

(14+2(14h)+ (1 +h)*/4) — (13/4)

= lim =

s(1+h) —s(1)

lim

h—0 h h—0 h
h? h
lim (£+3h+%5)-F _ lim h(G+3) 5
h—0 h h—0 h 2

15. Find the equation of the tangent line to y = 1f31 at x =0.

We need a point and a slope:

e The tangent line touches the function at x = 0. Put this into the formula for y to find the
y—coordinates: y = 2. The line therefore goes through the point (0, 2).

e The slope of the tangent line is the derivative at 0. In this case,

2 2 2 _ 2(1-3h)
1-3h

.. 1-3n 1-3h
= lim ——————— =

Lo £+ B~ F(0)
h—0 h

i 2= 20 =38h) 1 . 6k 1 _
S0 1—3h h o hs01—3h h  ho0l—3h

The line through (0, 2) with slope 6 is the tangent line:

y—2=06(x—0)ory=06x+2



16. Use the €, 6 definition of the limit to show that: lim5(7x —27) =38
z—

Scratch work: start with |f(x) — L| < € and simplify to |z — al:
[T —27—8| <e Wewant |z — 5

72— 35| <e = |x—5|<§

Now we do the proof:
Let € > 0. Then take § = £, and:

O<|z—a|<d =|z—-5|<e/7
= [Tz — 35| < e
= |(Tx —27) — 8| < e
= |f(x)—L|<e

17. Consider the function:

_Jx+3, ifzx<l
f(x)_{ 2 ife>1

The limit of this function at x = 1 does not exist (why?). Draw a sketch of f(x) and show how the €, §
definition of the limit fails if we think the limit should be L = 1.

5

Efstothe LEFT%f}rlwﬂ.la]l

T T 1
1 2 3
20 to values close to 4, not 1.

18. For each function below, compute the derivative f’(a) (use the definition of the derivative).
(a) f(z) =v1+2z

oy VIt2@+h) VT2 V1+2a+h) - vTI+2 /1+20a+h)+vVI+2%
1m = _
h—0 h h—>0 h \/1_1_2 +h)+V1+2a

: 1+2a+2h—1-2a . 2 2 1
lim = lim = =
h=0 h(\/1+2(a+h)++IT+2a) "0 (\/IT+2(a+h)++/1+2a) 2V1+2a +1+2a

(b) g(z) =

a?—(a+h)?
i (a+1h)2 - ?12 I 7&(2&)2 i 1 a® —a? — 2ah — h?
m ——— = JiIm ———— = im —
h—0 h h—0 h h—0 h a?(a+ h)?
. —2a —h 2
m-—-——-—=—-——
h—0 a?(a + h)? a3



(c) h(z) =2+ /x

[a+h+\/ﬁ] la + /4] h+W Va

lim — lim = lim ( Va+h ‘[)
h—0 h—0 h—0
V V h 1
g qim Yoth—va Vathtva o —14

h—0 h \/F—i- Va h—=0 h(va + h + /a) 2v/a

(d) f2) = =

2 9

. VB—(ath) V3-a imQ(\/S—a—\/B—a—h) V3—a++V3—a—h

h—0 h 0 h3—av3—a—-h V3—-z+\V3—-a—h
2 2 1

flfgﬁ\/3—a\/3—a—h(\/3—a+\/3—a—h) T B-a2/3-a (B-a)p”

o Gt @ (e k)@ D) —al(a+h)? 1) . —ha®t+ah®—h
h—0 h  h—0 h((a+h)2 —1)(a? —1) o0 h((a+h)2—1)(a2 1)
—a’? -1
(a2 —1)2

19. A space traveler is moving from left to right along the curve y = 2. When she shuts off the engines, she
will go off along the tangent line at that point. At what point should she shut off the engines in order
to reach the point (4,15)? (Hint: Label the unknown point on the graph of y = 22 as (a, a?)).

An alternative way of stating this problem: Find the equation(s) of the tangent lines to y = 22 that go
through the additional point (4,15). If we find these values of x, since we’re moving from left to right,
we’d choose the smaller z.

Let a be the z—coordinate we’re looking for. Then the line goes through the points (a,a?) and (4,15).
This says that the slope of the line should be:
B a?—15
a—4

On the other hand, this is a tangent line to 22, so the slope of the tangent line at 2 = a should be the
derivative, 2a.

Putting these together,
a®>—15
a—4
Clear the fractions and simplify to get: a? —8a + 15 = 0. The solutions are a = 3,a = 5. We choose the
smaller value, a = 3, since we’re moving from left to right.

2a =

20. Some algebra and trig:

(a) (App D) Solve for a: |tan(z)| =1
SOLUTION: Either sin(x) = cos(x) or sin(x) = — cos(x). On the unit circle, these are on the line
y = tx, which means the angles are 7/4,3n/4,57/4, 77 /4, and we could add multiples of 27 to
these (Alternatively: 7/4 + km, 37 /4 4+ k/pi where k = 0,41, £2 etc.

(b) (App D) Find all z so that sin(z) <
SOLUTION: Consider sin(#) on the unit circle- Points on the unit circle can be written as (cos(#), sin()),
so another way to ask this question is: Find the angle of all the y—values on the unit circle less
than 1/2. First we need to find the angles for which sin(6) = 1/2- Those come from a 30-60-90
triangle, § = 7/6 and (on the unit circle), 57/6. Therefore, the answer is: All angles on the unit
circle except those between 7/6 and 57 /6.

Another way to express this: [0, 7/6](J[57/6,27] (then we could shift these by multiples of 27.



()

()

(k)

(1.3) Express F(z) = 1/\/x ++/z as the composition of three functions (you may not use the
identity).
SOLUTION: One way to do this:

Wo)=z+vE  gla)=VE  fl@)=1/x

then F' = f(g(h(x))).

(1.6) Find the exact value: sin~*(v/3/2)

SOLUTION: Think of the 30-60-90 triangle. This is the angle @ for which sin(f) = v/3/2, which is
/3.

There are no other solutions, since the range of sin~!(x) was restricted to values between —/2
and /2 (so that the sine is invertible).

(1.6) Simplify the expression: tan(sin™*(z))

If § = sin~!(x), then sin(f) = z. Draw a right triangle with this relationship - Make 6 one of the
angles, then label the length of the side opposite as =, and the hypotenuse as 1. Therefore, the
length of the side adjacent is v/1 — z (by the Pythagorean Theorem).

Now, the tangent of the angle 6 is what we want- We see (on the triangle we drew), that the tangent
is: x/v/1 — x.

(1.6) Simplify the expression: sin(cos™!(z))

Similar to the last problem, we write § = cos™!(z), and then cos(f) = x. Now draw a right triangle
with the appropriate relationships (length of the side adjacent is z, the hypotenuse is 1, the length
of the side opposite is /1 — 22) We see from the triangle that the sine of 8 is v/1 — 22/1, or just
V1—22

(1.6) Solve for z: 1 —2In(z) < 3

SOLUTION: We could re-write this as: —2 < 2In(z) = In(2?). Exponentiate both sides:

e 2 <a?

If 2 > 1/e or if x < —1/e, we would get x> > 1/e?, however negative values of = are not in the
domain of In(x) (which is the original expression). Therefore,

x>1/e

(1.6) Solve for z: e”~4* =6
SOLUTION: Take the log of both sides

(1.6) Find f~! and its domain if
f(z) =In(e” —3)

SOLUTION: The domain of f is the set of 2 such that e* —3 > 0, or > In(3). Since the range of
In(z) is all real numbers, the range of f will be all reals.
Therefore, the domain of the inverse will be all reals, and to find the inverse we switch z,y and
solve for y:

r=In(eY -3) =
(1.6) If f(z) = 25 4+ 23 + x, find f~1(3) and f(f~1(2)) (Hint: Don’t try to algebraically find f~1,
try to “eyeball” it)
SOLUTION: f~1(3) is the value of x so that 2° + 23 + x = 3. It looks like the answer is z = 1.
For the second expression, since f(f~!(z)) = x, the answer is 2.
(1.6) If f(z) =1+ +/2+ 3z, find f~! (algebraically).
SOLUTION: Switch z,y solve for y. You might square both sides first, then we’ll get:

e?=e—-3 = y=In(e"+3)

1 1/1
TRty Y73 (fEQ )



21. More True or False, and give a short reason:

(a) If a < b (and a > 0,b > 0), then In(a) < In(d).
TRUE: In(z) is an increasing function.
(b) If f(s) = f(t), then s =t.
FALSE: Only true if f is invertible and s, ¢ are in the domain.
(¢) If f, g are functions, then fog=go f.
FALSE: Easy to find an example- f(x) = 3z, g(x) = 1+x, then fog = 3(14x), while go f = 14 3.
(d) tan~1(—1) = 37 /4.
FALSE: The answer is —n/4. The domain of tan(z) was restricted to angles between £7/2, so the
inverse tangent cannot output angles bigger than /2.

(e) If z is any real number, then z = V2.
FALSE, if z < 0 (True, if we restrict > 0).

22. In the definition given in the text,
lim f(z)=1L

T—00
means that for every € > 0, there is a number N so that if z > N, then |f(z) — L| <e.
Using f(z) = e~%, give N and L if e = 1/e®. Draw a sketch showing these values.
SOLUTION: We should see that N = 5; therefore, if x > 5, | f(z)| < e™5.

23. Finish the definition:
(a) A horizontal asymptote is: The line y = k, if

lim f(z) =k or lim f(z)=k

Tr—r 00 r—— 00
(b) A vertical asymptote is: The line x = q, if

lim f(z) =400

z—at/—

(¢) A function f is one to one if: f(x1) = f(x2) implies x; = x5 (or, if every y comes from at most one
(d) A function f has even symmetry if: f(—xz) = f(x)
(e) A function f is decreasing if: a < b, then f(a) > f(b).
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