Exam

2 Review Solutions

1. Short Answer:

(a)

How do we define the inverse sine function? (Pay attention to the domain, range and whether
the domain, range are angle measures or the ratios of a triangle).
SOLUTION: We first consider the domain and range of y = sin(z). Since this function is not
1-1 on its entire domain, we restrict the domain so that the restricted function is 1-1 (meaning
the function passes the ”horizontal line test”). The standard restriction for the domain is below,
together with the range:

—n/2<z<m7/2 —-1<y<1

Now, the inverse sine is defined to be the inverse to the sine function, and its domain and range
are:
-1<z<1 —7m/2<y<m/2

Extra: If we ask you to compute sin~*(1/1/2), this is the same as: Find angle 6 so that sin(f) =
1/+/2- However, 6 must be only between —m/2 and 7/2 (in this case, 7/4). You might compare
this to the answer of something like: Find # so that sin(f) = 1/4/2, and 0 € [0,27]. In this case,
you would also add the angle 37 /4.

What is a normal line?

SOLUTION: The normal line to a function at a given point is the line that is perpendicular to the
tangent line (at the same point). Therefore, the slope of the normal line is the negative reciprocal
of the slope of the tangent line.

How do we differentiate a function that involves the absolute value?

SOLUTION: Rewrite the function into a piecewise form. For example,

0% — 4] = 22 -4 ifr<-—2orx>2
T —(2?-4) if —2<z<2

limg_o 220 — 1

cos(0)—1 -0

1im9—>0 0

limg_so ggg;; =? (TYPO: 0 should be ¢ in the limit).

SOLUTION: We want to manipulate the expression so that we can use the two limits in (d) and

(e):

. sin(3t) 1 . sin(3t) 1 1
lim - = lim : - =
t—0 cos(3t) sin(2t) t—=0 1 cos(3t) sin(2t)
t  sin(3t 1 2t
LB e 1w 3 s
t—02¢t 3t  cos(3t) sin(2t) 2 2

2. Prove the Reciprocal Rule using the Product Rule (Hint: Start with f(x) = 1/¢(z), then write
f(x)g(x) =1).
SOLUTION:

f@)g(z) =1 =] flx)gx)+f(x)g'(x) =0 = [fl(r)glx)=—-f(x)g'(z) = [fla)=-

f(x)
g'(z)

Now, substitute f(z) = 1/g(x) to get the final result:

g(z)



3. Prove the Quotient Rule using the Product and Reciprocal Rules:

(56) - (r5ts) oz =10 (GE2)

Now get a common denominator ((g(x))?) and simplify a bit:

f'(@)g(x) = fz)g'(z)
(9())?

4. True or False, and explain:

(a)

(b)

The derivative of a polynomial is a polynomial.
True. A polynomial is a function of the form ag + a2 + asz? + ...a,2", and its derivative will
also have integer powers of x by the Power Rule, nz™ 1.

If f is differentiable, then % flx) = 26%

V@ = 2 (P = ()2 ) = L

True:

The derivative of y = sec™!(z) is the derivative of y = cos(z).
False. The notation, sec™!(z) is for the inverse secant function, which is not the reciprocal of the
secant.

For extra practice, to get the formula for the derivative of y = sec™!(z):
sec(y) =z

From this, draw a right triangle with one acute angle labelled y, the hypotenuse z and the adjacent
length 1. This gives the length of the side opposite: vz2 — 1. Now differentiate:

dy _

sec(y) tan(y) -~

From the triangle, sec(y) = = and tan(y) = Va2 — 1, so:
dy 1

dr  ov/zZ -1

- (10%) = 210!
False. The Power Rule can only be used for 2", not a®. The derivative is 10* In(10).
If y=In|z|, then y' = 1.
TRUE. To see this, re-write the function:
- In(z) ifz>0 o L ifz>0
Y7\ In(-2) ifa<0 - (-
From which we see that y/ = 1, z # 0.

The equation of the tangent line to y = 2% at (1,1) is:
y—1=2z(z—-1)

False. This is the equation of a parabola, not a line. The derivative, 3y’ = 2z gives a formula
for the slope of the tangent line, and is not the slope itself. To get the slope, we evaluate the
derivative at = 1, which gives ¢y’ = 2. The slope of the tangent line is therefore y —1 = 2(z —1).



(g) If y = €2, then 3 = 2e

False. 2

is a constant, so the derivative is zero.
(h) If y = |2? — x|, then ¢/ = |22 — 1].
False. First, rewrite y, then differentiate:
_ 22—z fz<Ooraz>1 N ;L 20 —1 ifx<OQorax>1
Y71 —~(@*—2) fo<az<1 Y= —@22-1) ifo<az<1

Compare this to |2z — 1|:

20 —1 ifx>1/2
22 = 1] = { —(2z—1) ifz<1/2
By the way, we also note that y is NOT differentiable at x = 0 or at x = 1 by checking to see
what the derivatives are approaching as z — 0 and as x — 1.
(i) If y = ax + b, then 3¢ =2
True. g—g means that we treat a as an independent variable, and x, b as constants.

5. Find the equation of the tangent line to 2® + y3 = 3zy at the point (%, %)

We need to find the slope, %
=3/2,y=3/2

y—a?

Y-

32° 4+ 3y%y =3y +3zy = ' (3y* —32) =3y — 322 = ¢ =
Substituting = 3/2,y = 3/2 gives ¢y’ = —1, so the equation of the tangent line is y—3/2 = —1(z—3/2)
6. If £(0) =0, and f'(0) = 2, find the derivative of f(f(f(f(z)))) at x = 0.
A cute chain rule problem! Here we go- the derivative is:

UGS @) - F @) - f(f) - f ()
Now subsitute = = 0 and evaluate:
FEEO)) - F(fF0)) - £(£(0) - £1(0) =
F10)- f'(0)- f(0) - f'(0) = 2 = 16
7. If f(z) = 22 + 7, find the equation of the tangent line to the INVERSE of f at (1,0).
First, we verify that (0,1) is on the graph of f:

f(0)=2-0+e"=1

We know that, if £/(0) = m, then 4 =1

dz o—1 m"*
Now, f'(z) =2+ €%, so f’(0) = 3. Therefore, the slope of the tangent line to the inverse of f at z =1
1

is 3, and the equation is then:

0_1( 1) 1 1
Y —Sx ory—ggc 3



8. Derive the formula for the derivative of y = csc™!(x) using implicit differentiation:
SOLUTION: csc(y) = x, so that we can differentiate both sides:
ese(y)cot(p)y =1 = = ——
csc(y) cot(y)

Now, to simplify (and get a formula in terms of z), draw a triangle satisfying csc(y) = - That is, label
an angle y, then the length of the hypotenuse is x and the length of the side adjacent is 1. The length

of the side opposite is therefore v22 — 1 (by the Pythagorean Theorem), and
-1 -1

/

csc(y) cot(y)  zva2 —1

9. Find the equation of the tangent line to \/y + ry? =5 at the point (4, 1).
Implicit differentiation gives:

1
SV R+ 2ayy =0
Now we could solve for ¢’ now, or substitute z = 4,y = 1:

1
51—1/2y’ +124240)(1)y = 0= ¢ = —2/17

The equation of the tangent line is y — 1 = I—?(x —4)

10. If s?t 4¢3 =1, find 2 and 2.

The notation % means that we are treating ¢ as a function of s. Therefore, we have:

dt dt At —2st
ost + 28 4328 g B TS
st st s T ds 52 + 312

For the second part, we have two choices. One choice is to treat s as a function of ¢ and differentiate:

ds  —(s®+ 3t?)

28%t+82+3t2:0:>£: 55t
Another method is to realize that:
ds 1 1§43
@ ETE T
Cool!
11. If y = 2® — 2 and = = 322 + 5, then find %.
We see that % = %%, so we calculate Z—Z and %:
d dx
ﬁ = 3:62, e =62
so that

d
Y =302 .62 =3(3:2 +5)2- 62 = 182(322 + 5)?

dz



12.

13.

14.

15.

A space traveler is moving from left to right along the curve y = 22. When she shuts off the engines,
she will go off along the tangent line at that point. At what point should she shut off the engines in
order to reach the point (4,15)?

The unknown in the problem is a point on the parabola y = 22. Let’s label that point as (a, a?). Now
our goal is to find a.

First, the line will go through both (a, a?) and (4,15), so the slope will satisfy:

a?—15
a—4

Secondly, the line will be a tangent line, so the slope will also be m = 2a. Equating these, we can solve

for a:
a? - 15

a—4

Since we’re moving from left to right, we would choose the smaller of these, a = 3.

=2a=a’>—-15=2a(a—4)=>a*-8a+15=0=a=3,a=5

A particle moves in the plane according to the law = = 2 4 2t, y = 2t3 — 6. Find the slope of the
tangent line when ¢ = 0.

The slope is Z—‘Z, but we can only compute Ucle and %. Note however, that

dy ¥ 626

de 4z 2t + 2

dt
SO’ att:Oa %:*3
Find A’ in terms of f’ and ¢/, if: h(z) = m
SOLUTION:
W (z) = L9F SO +9) = (F9)f +9) _ 29 + 1'g?
(f+9)? TETE

1

The volume of a right circular cone is V = §7r7"2h7 where r is the radius of the base and h is the height.

(a) Find the rate of change of the volume with respect to the radius if the height is constant.
SOLUTION: The question is asking for dV/dr, when h is constant:

dv 2
o 3™h

(b) Find the rate of change of the volume with respect to time if both the height and the radius are
functions of time.

SOLUTION: Now we want dV/dt if h,r are functions of time. That means the formula for V'

looks like: .
V(t) = gﬂ(?"(t))Qh(t)

So we'll use the product rule (and factor the constant out):

AV w

T3 (2r(t)r' (E)h(t) + (r(t))H (1))



16. Find the coordinates of the point on the curve y = (z — 2)? at which the tangent line is perpendicular
to the line 2z —y +2 = 0.
First, recall that two slopes are perpendicular if they are negative reciprocals (like —3, % ).
The slope of the given line is 2, so we want a slope of —%.

The « that will provide this slope is found by differentiating:

/

1 7 1
Y :2(x—2)é2(z—2):—§éx:1fromwhichy:l—G

17. For what value(s) of A, B, C does the polynomial y = Az? + Bz + C satisfy the differential equation:
y' +y 2y =a?
As we did in class, compute the derivatives of y and substitute into the equation:
y =24Ax+ B, y"=2A

so that:
2A +2Ax + B — 2(Az* 4+ Bz + C) = 22

Now collect coefficients to get:

(—2A)z% 4+ (24 — 2B)x + (B +2A — 2C) = 2* for all x
so the coefficient of z? on both sides of the equation must be the same,

—2A=1
The coefficient of x on both sides of the equation must be the same,
2A—-2B =0
And the constant terms must be the same,
B+2A-2C=0

This gives the solution, A = —%, B= —%,C’ = —%.

18. If V = sin(w), w = /u, u = t> + 3t, compute: The rate of change of V with respect to w, the rate of
change of V' with respect to u, and the rate of change of V' with respect to ¢.

od—v—cos(w)
dw
v dv dw 1 cos(vu)
.%_dw.du_co“w)'?\/a_ 2Vu
2
,ﬂ:ﬂ.dﬂ.dl:ms(w).i-(2t+3):@~(2t+3)
dt  dw du di 2v/u 2V/t2 + 3t

19. Find all value(s) of k so that y = e** satisfies the differential equation: y" — 1y’ — 2y = 0.
First, differentiate y, then substitute:

y=e = y/ _ kekt = y// _ kQth

so that:
E2ekt — kel — 2eFt =0 = *(K2 -k —2) =0

Since e** = 0 has no solution, the only solution(s) come from:
B —k-2=0 = (k+1)(k—2)=0

so k = —1, k = 2 are the two values of k.



20. Find the points on the ellipse 22 4+ 2y? = 1 where the tangent line has slope 1.
Implicit differentiation gives:
2r+4dyy =0=1y =

2
To have a slope of 1 will mean that: ;—j =1, so that x = —2y.
This means that any point on the ellipse satisfying x = —2y will have a tangent line with slope 1, so
we look for the points of intersection between x = —2y and the ellipse 22 + 2y? = 1. Therefore, we

substitute for x and get:
1
V6
To get the x— coordinate, you can either backsubstitute into the equation for the ellipse:

2+2<i1>2 1 = + 2
X —_— = xr = —
V6 3

Or you can use the fact that = —2y, so in that case x = ¥2/1/6, or (,lﬁ’ %) or (%, 7%)

(20 +2°=1 = 6°’=1 = y=+

NOTE: These look like different values of x, but either is fine since:

2__2 _¥2
NERCNERRVE

21. Differentiate. You may assume that y is a function of z, if not already defined explicitly.
(a) y =logs(y/x + 1) Use the Chain Rule:
, 1 1
YT Vz+Dm@B) 2va

(b) v2zy + zy® = 5 (and solve for %)
Before solving for 3/, we get:

1 _
5 (22y) 7 2y + 209/) + 4 + 3uy?y =0
,_ —(yQay) V2 + 4P
z(2zy)~ /2 + 3xy?
(¢) y=+/a? +sin(z)
d 1 -
% =5 (2” + sin(z)) 1z (2x + cos(z))

(d) y= ecos(@) 4 sin(5%)

y = @) (—sin(z)) + cos(5%) - 5 In(5)

(e) y = cot (322 +5)

y = —csc?(3z% + 5)(62) = —6x csc? (322 + 5)



(f) Y= mcos(a:)
Use logarithmic differentiation: In(y) = cos(z) - In(z), so that
Ly sin(z) In(z) + cos(x) 1
g x

Multiply both sides of the equation by y, and back substitute y = 2<°5(*) to get:

y =z (- sin(z) In(z) + COZ“”)

(8) y = /sin(/)
p L e —1)2 Ll 1/
y = i(sm(x ) cos(z/%)=x
(h) Vz+ ¢y =1
I app 1 9y,
23@ + 3y y =0

3y2/3
B YSYE

(i) ztan(y) =y —1

/

tan(y) + asec®(y)y’ =y
) _
1 — zsec?(y)

() y = vze® (z2 +1)'° (Hint: Logarithmic Diff)
First, we rewrite so that:
2
In(y) = In(y/z e (22 + 1)19)

Use the rules of logarithms to re-write this as the sum:

1 1
In(y) = = In(z) + 2% In(e) + 10In(z? + 1) = = In(z) + 2* + 101In(2? + 1)

2 2
So far, we’ve only done algebra. Now it’s time to differentiate:
1, 11 1
Iy =Z.242 10— .9
yy 5 7 + 2x + 21 T

Simplifying, multiplying through by y:
;o 1 L or 4 20z
L O B |
Finally, back substitute y:
r_ x?( 2 10 1 202
y_\/Ee (I +1) <2:L‘+2x+l'2+1>

(k) y=sin™" (tan"'(z))
This is a composition, so use the chain rule:




(1) y =In|esc(3z) + cot(3x)]
Recall that the derivative of In|z| is 1, so using the Chain Rule:

1
r_
v= csc(3z) + cot(3z)

- [~ ese(3z) cot(3z) - 3 — esc®(3z) - 3]

Which can be simplified:

,_ —3esc(3z)(cot(3z) + ese(3z) csc(3z
y = cse(3z) + cot(3z) = —3csc(3x)

(m)
(1)

Y= &ft% First, note that y = —2t=3/% s0 ¢/ = %t_7/4
Yy = R

y/ — g~z + 3~/ 111(3) Lx2
(0) y = ztan~(v)

Overall, use the product rule (then a chain rule):

1 . 1
VaP+1 2y

y =tan"'(Vz) + 1z ( ) == tan"'(V/z) + Ve

2(z2 +1)

(p) y= 2 Before putting in the values, note that this derivative will be in the form:
d d
y =el). %(2()).%61 =e0).201n(2) . ¢®

Putting in the appropriate expressions gives us:
Y = e 2°" In(2)e”
(q) Let a be a positive constant. y = x% + a”
y =az""' +a"In(a)

(r) a¥ =y*
We must use logs first, since the exponents have x and y:

In(z¥) = In(y") = yIn(z) = zln(y) = y'In(z) +y - % =In(y) +z- 1y’

Now isolate and solve for 3’:

y' <ln(:v) - ;) = In(y) — % Ly = In(y) — z _ y(zIn(y) - y))

(s) Rewrite first: y =In ( gifg) =1 (In(3z +2) — In(3z — 2)) Now ¢/ can be computed:

, 1 3 3\ 1/3B8z-2)-3Bz+2)\ -6
y_2(39:+2_3:172)_2< (B3 +2)(3z — 2) )_(3:L“+2)(3:172)

22. Related Rates Extra Practice



(a)

The top of a 25-foot ladder, leaning against a vertical wall, is slipping down the wall at a rate
of 1 foot per second. How fast is the bottom of the ladder slipping along the ground when the
bottom of the ladder is 7 feet away from the base of the wall?

First, make a sketch of a triangle whose hypotenuse
is the ladder. Let y(t) be the height of the ladder
with the vertical wall, and let z(t) be the length of the

bottom of the ladder with the vertical wall. Then 15
22(1) +12(1) = 25 Y
The problem can then be interpreted as: If %’ = -1,
what is Cfl—f when x = 77 T
% {4) —

Differentiating with respect to time:

dx dy
2x(t)— +2y(t)— =0
r() 2+ 2(1) %
we have numbers for % and z(t)- we need a number for y in order to solve for ‘fi—f. Use the original

equation, and
P+ Pt) =252 =y =24

(NOTE: If you had no calculator, you could leave y = 1/252 — 72)

Now plug everything in and solve for ‘ji—f:
dx de 24
2:7-—+2-24-(-1) = —_— ==
Tat (F=0=5=7

A 5-foot girl is walking toward a 20-foot lamppost at a rate of 6 feet per second. How fast is the
tip of her shadow (cast by the lamppost) moving?
. rr |"‘.

L
Let x(t) be the distance of the girl to the base of the I}H\H
post, and let y(t) be the distance of the tip of the )
shadow to the base of the post. If you've drawn the
right setup, you should see similar triangles... 2

Hgt of post  Dist of tip of shadow to base

Hgt of girl Dist of girl to base

In our setup, this means:

With a little simplification, we get:
3y(t) = 4x(t)

We can now interpret the question as asking what % is when % = —6. Differentiating, we get
d d
g4y _ o
dt dt



so that the final answer is (oiT:‘LZ = —8&, which we interpret to mean that the tip of the shadow is

approaching the post at a rate of 8 feet per second.
Under the same conditions as above, how fast is the length of the girl’s shadow changing?
Let L(t) be the length of the shadow at time ¢. Then, by our previous setup,
L(t) = y(t) — x(t)

d
so%:d—?—fl—f:—S—(—G):—Q.
A rocket is shot vertically upward with an initial velocity of 400 feet per second. Its height s after
t seconds is s = 400t — 16t2. How fast is the distance changing from the rocket to an observer
on the ground 1800 feet away from the launch site, when the rocket is still rising and is 2400 feet
above the ground?

We can form a right triangle, where the launch site is

the vertex for the right angle. The height is s(t), given (473
in the problem, the length of the second leg is fixed at
1800 feet. Let u(t) be the length of the hypotenuse.
Now we have:
[Ese
u?(t) = s2(t) + 18007
and we can interpret the question as asking what ‘3—? is when s(t) = 2400. Differentiating, we get
du ds du ds
2u(t)— = 2s(t)— t)— = s(t)—
ult) = = 2s(t) o, or u(t)— = s(t)

du

41 we need to know s(t), u(t) and 2. We are given s(t) = 2400, so we can get u(t):

u(t) = /24002 — 18002 = 3000

Now we need %. We are given that s(t) = 400t — 16t2, so % = 400 — 32¢. That means we need
t. From the equation for s(t),

2400 = 400t — 162 = —16¢> + 400t — 2400 = 0

To solve for

Solve this to get t = 10 or ¢ = 15. Our rocket is on the way up, so we choose t = 10. Finally we
can compute % = 400 — 32(10) = 80. Now,

d
M _ 2400(80)

3000 i

so 4% = 64 feet per second (at time 10).

A small funnel in the shape of a cone is being emptied of fluid at the rate of 12 cubic centimeters
per second (the tip of the cone is downward). The height of the cone is 20 cm and the radius of
the top is 4 cm. How fast is the fluid level dropping when the level stands 5 cm above the vertex

of the cone [The volume of a cone is V = 17r2h].

Draw a picture of an inverted cone. The radius at the
top is 4, and the overall height is 20. Inside the cone,
draw some water at a height of h(¢), with radius r(t).
We are given information about the rate of change
of volume of water, so we are given that %/ = —12.
Note that the formula for volume is given in terms of
r and h, but we only want %. We need a relationship
between r and h... 3

11



You should see similar triangles (Draw a line right through the center of the cone. This, and the
line forming the top radius are the two legs. The outer edge of the cone forms the hypotenuse).

radius of top overall height 420

radius of water level ~ height of water r h

so that r = '5‘ Substituting this into the formula for the volume will give the volume in terms of
h alone: ) - )
2 2 3
V= 37" h = gﬂ(g) h= %’/Th
Now,
av = 31}12@
dt 75 dt
and we know % =—12, h =5, so
dh  —12
dt T

A balloon is being inflated by a pump at the rate of 2 cubic inches per second. How fast is the

diameter changing when the radius is % inch?

The volume is V = g7r® (this formula would be given to you on an exam/quiz). If we let h be

the diameter, then we know that 2r = h, so we can make V' depend on diameter instead of radius:
4 h T3

_ % N
V=3m3)" =3

Now, the question is asking for % when h =1, and we are given that % = 2. Differentiate, and

AV _ Tap2dh Ty 0dh

a6~ dt 2 dt
dh _ 4
SOthatE—;.

A rectangular trough is 8 feet long, 2 feet across the top, and 4 feet deep. If water flows in at a
rate of 2 cubic feet per minute, how fast is the surface rising when the water is 1 foot deep?

-— =B

The trough is a rectangular box. Let z(t) be the height g —
of the water at time ¢. Then the volume of the water ]V &
is: %

v de ’

V=16 = = = 16%
T dt F

Put in ‘fi—‘t/ = 2 to get that ‘fl—‘f = é.

If a mothball (sphere) evaporates at a rate proportional to its surface area 47r?, show that its
radius decreases at a constant rate.

Let V(t) be the volume at time t. We are told that
av
dt

We want to show that % is constant.

By the formula for V (t) = 47r®, we know that:

EA(t) = kdmr?

av dr
— =4 —
dt dt
Now compare the two formulas for %, and we see that % = k, which was the constant of

proportionality!

12



(i) If an object is moving along the curve y = 23, at what point(s) is the y—coordinate changing 3
times more rapidly than the x—coordinate?

Let’s differentiate:

dy odz
=7 322
at ~ " dt
From this, we see that if we want % = 3%7 then we must have x = +1. We also could have

=0,y =0, since 0 is 3 times 0. All the points on the curve are therefore:
(07 O)a (717 1)v (1’ 1)
23. For the last problem, estimate the derivatives- To me, it looks like the derivative at 1 is less steep than
the derivative at 2, although if you guessed that both are fairly small negative numbers, that would

be OK. In this case then:

W(2) = (@) (2) = F)f2) = (-1/2)(-1) =1
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