Final Exam Review
Calculus 11
Sheet 3

1. Determine if the series converges (absolute or conditional) or diverges:
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SOLUTION: We might first check to see if it converges absolutely. It will not, by
the integral test. To check that the function is decreasing, take the derivative:
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The denominator is always positive for z > 1, and the numerator is negative for
x > e (which is fine). Now for the integral, perform u, du substitution, and
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The integral diverges.

However, the series is alternating. We've already shown the individual terms
In(n)/n is decreasing, so now we just need to show they go to zero:
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Therefore, the series converges, but only conditionally.
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SOLUTION: Use the Ratio Test. Since all terms are positive for n > 1, we can
leave off the absolute value signs:

n+1

e n!

lim —— = =0<1
ntibo (n+1)!en oo 4 1

Therefore, the series converges absolutely.
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SOLUTION: The exponential in the denominator might be an issue for the ratio
test. However, we might see that this is set up for the integral test. If we take the

derivative and simplify we get:
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which is negative for n > 1. We can use the integral test now: / — dx
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Let u = 2* and du = 423 dx. Changing the bounds, if x = 1 then u = 1, and as
x — 00, so does u:

1 * —u S 1 —u
e = (e

Therefore, the series converges (absolutely).
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(d) Z 41—2n
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SOLUTION: This is a geometric series. Re-writing 472" as ar™, we get:
1 n
1-2n _ 41 4—2n _ 41
4 =447 =4 (42)
so this is a geometric series with @ = 4 and r = 1/16. The series then converges
absolutely, and it actually converges to:
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(The question didn’t ask for what the sum converges to, but since we knew it, why
not provide it?)
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2. Let a,, = LSW)
n

(a) Does the sequence {a,} converge or diverge? If it converges, find what it converges
to.

SOLUTION: We can use I'Hospital’s rule to find what the sequence converges to:
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(b) Does the series »  a,, converge or diverge?
n=1

SOLUTION: We note that as n — oo, then In(n)/n — 0 (by I'Hospital’s rule).
Therefore, we could show that the series diverges by limit comparison with 1/n.
We have: ) |
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Because this limit is between 0 and co, our series diverges like the harmonic series.
ALTERNATE SOLUTION: You could use the integral test, and note that

x + In(x) :l_,_M
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3. A bug is crawling along the graph of the curve y = 3x + 1 for x in the interval [0, ¢].
Find the distance the bug has traveled as a function of ¢.

SOLUTION: 1 + (y)? = 10, so

/Ot\/l—l—(y’)?dx:\/mt
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4. Find the interval of convergence for each of the series:

@ 3 B

n=0 nln(n)
SOLUTION: Use the Ratio test, and get

(TYPO: The series should start at n =2...)

, nlin(n)
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So the ratio converges to |2z — 3|. Therefore, the series converges absolutely if

3 3 1
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The interval is centered at 3/2 with a radius of 1/2, so the endpoints are z = 1 and
x = 2, which need to be checked separately:

e At x = 2, we have:

[e's) 1 00 dx & —1 3 o0
Z N /Z :/1 u - du = tlglgo (ln(u)hn@)

= nln(n) xIn(z
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which diverges.

e At x =1, we have:

i (="

n=2 n hl(n)

= Converges using Alt Series Test

Therefore, the series converges on [1, 2)
b
(b) nz:% n+1
SOLUTION: The Ratio test gives absolute convergence if |z| < 1. We check the
endpoints manually, at x = +1. The interval of convergence is then [—1, 1)
© X
n=0
SOLUTION: We see that the terms can be written as

<3m>”
)
which makes this a geometric series, and that converges only if
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5. Expand the function f(z) = 1
the values of x for which the series converges.

SOLUTION 1: We could rewrite this to be the sum of a geometric series:
2 1 1 1 1 & <3x)
— = — :> — N
41_(%) 21— (3z/4) 27;) 4

And this converges only for [3z/4| < 1, or |z| < 4/3.
SOLUTION 2: We could compute out the terms of the Maclaurin series:

as a power series centered at x = 0, and determine
x

(=2)(=3)*(=2)(4 = 32)7> | (1/2)(3/4)*(2)
(=2)(=3)*(=2)(=3)(4 = 3z)™* | (1/2)(3/4)*(2 - 3)

From which the series becomes:
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6. Evaluate the integral:

2
x
a —dx
(a) / V16 — 22
SOLUTION: With an 22 in the numerator, it might be easiest to go with a trig
substitution (if only x in the numerator, we might use a regular substitution). In

this case, let © = 4sin(f) so that
V16 — 22 = 16 — 16sin*(f) = 16 cos*(0)

Furthermore, dx = 4 cos(6) df, so we get:

/ 16 sin?(0) 4 cos

e (0)do _ ¢ / sin(0)d6 — 8 / 1 — cos(20) df = 80 — 4sin(20)

V16 — 2?2 1
= 86 —8sin(f) cos(f) = 8sin* (Z) —8Z64x = 8sin~* (Z) 5TV 16 — 22+C

(b) / sin®(z) cos® () dx

SOLUTION: Keep one cos(x) reserved for a u, du substitution, with u = sin(z):

/sin2(:1:) cos?(z) cos(z) dx = /sinQ(x)(l — sin?(x) cos(z) dr = /u2(1 —u?) du
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/ 2 dx
Integrate by parts (using a table) to get:

1
—Ze_%(l + 22 4+ 22%) + C

d) /tan_l(a:) dx

Integrate by parts (once) to get:

1
r tan~'(x) — 5 In(1+ 2% +C
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SOLUTION: Do long division first, and we get:

1 — 1 -2
/ 1+ da: = / +—
z(z+1)
The second integral is done by partial fractions:
1-2 A B
T 2 = 1-2x=A(r+1)+ Bx
z(z+1) =z x+1

From which we get A =1, B = —3. The full integral is then:

r+1Injz|—-3njlz+1]+C

/ dx
2+ 4 — 5

SOLUTION: You could use a trig substitution (and complete the square), but the

denominator factors, so we can use partial fractions:

I 1 _ A B
w2+4x -5 (z+5)(x—-1) z+5 x-—1

From which we get A = —1/6, B = 1/6 and the integral is:
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/|x2—4|dx
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SOLUTION: Break it up at x = 2:
2 3 23
/4—$2d$+/ 2?2 —ddr ===
0 2 3
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SOLUTION: The denominator is 2!, which can be multiplied through:

9 9
/ (' = 22%)27 do = / eV gde = = 76
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= 1=A(x—1)+ B(x+5)



7. Evaluate /

10.

(0 /3 sin(x) i

—3z2+1
SOLUTION: Kind of a trick question- The integrand is odd, so the integral is 0.

] dzr two ways- Using partial fractions and using trig substitution.
I j—
SOLUTION: Using partial fractions, we get

1 1
—§1n|x+1|+§ln|x— 1I|+C

Using trig substitution, with x = sec(f), we get:

sec(6) tan(0) db
/ tan?(6)

Back substitute for x:

= /CSC(Q) df = In|csc(f) — cot(0)| + C

T 1 r—1 ve—1
In — =ln|——|=In +C
Va2 —1 Va2 —1 2 —1 vr+1

Determine if the integral converges or diverges. If it converges, determine what it con-

9
verges to. / e dx

—00

1
SOLUTION: Converges to 1636

Find a series for ztan™!(2?) using 1/(1 + z?).

1 o
— Z(_l)n:EQn
1 + 332 n=0
Therefore,
o 1 00 x2n+1
tan (x):/ 2d:1:=C’+nZ:0(—1) 1

1+
Similarly, solving for C' (put in = 0), we see that C' = 0.

Now, substitute x? for x

tan_l(x2) _ i(_l)n pAnt2

= 2n+1

so finally we have: - dn+3
) = S

Consider the region in the first quadrant bounded by the curve y = 9—22 with 0 < z < 3.
Consider the solid obtained by rotating that region about the x axis. Set up two integrals
that represent the volume of this solid- One using shells, and one using disks.

For disks, we’ll be integrating in x, and for shells, we’ll be integrating in y:

9
Shll:/Z Jo—yd
ells 0 Y yay
3
Disks: / (9 — 2% dx
0
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11. Same region as before. Set up an integral representing the volume (using any appropriate
technique) if the region is revolving about x = 4, and then if the region is revolving about
y=—2.

e For x =4, you could use shells or washers. With shells, the solution is:
/27r(4 —2)(9 — 2% dx

e For y = —2, if you want to stay with z, you can use washers, whose inner radius is
2, and outer radius is y + 2 = 11 — 2%

/03 (11 — 2%)* — 2%) dw

12. Use differentiation to find a power series for f(z) = 1/(1 + z)*:
SOLUTION: We notice that 1/(1 + x)? is just about the derivative of 1/(1 + z):

d 1 -1

del+z  (1+42)?

Therefore, if we have a series for 1/(1+ x), we differentiate it and multiply by —1 to get
the desired series. We start then with 1/(1 + z).

1 0o
I+z =

Differentiate both sides:

1 o0
= (=1)"nz""!
(>
Finally, multiply by —1:
1 o0
— (_1)n+lnxn—l
var ~ &

13. Use the definition of the definite integral (with right endpoints) to calculate the value
2
of/ (2% — x) dx.
0
(Hint: The formulas for 3 and 3" ¢* would be given to you).

SOLUTION: The ™ right endpoint is 0 +i2, or 2i/n. Putting this into the Riemann
sum and taking the limit, we have

. n (442 21\ 2 . 8 .. 4 2
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14.

15.
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18.
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Find the derivative of the function : y = /f % dt

SOLUTION: Use the formula we derived, or derive it using the technique from pg 390:
dy e" ev®

dr =« 2x

Find the ¢ guaranteed by the Mean Value Theorem for Integrals, if f(x) = 1/x on the
interval [1,3]. Hint: It has something to do with the average value of f.

SOLUTION: The Mean Value Theorem for Integrals says that if f is continuous on [a, b]
then there is a ¢ in [a, b] so that

1 1 1 31 1 1 3 1

f(c):b_a/abf(x)dx = === [ —dr=> - =@ = 5(n() - (1)

Therefore, ¢ = (which is about 1.8).

2
In(3)
What is wrong with the following proof:

Proof by induction that n + 1 < n:

Assume true for n = k, so that £k + 1 < k. We show that this implies k +2 < k + 1:
Since k+2=k+1+1=(k+1)+1 < k+1 by induction, then k+1 < k for all positive
integers k.

SOLUTION: We didn’t prove the “base” case- And in this instance, there is no base
case (since n + 1 is smaller than n!).

If the natural length of a spring is 0.2 m, and if it takes a force of 12 N to keep it extended
0.04 meters, find the work done in stretching the spring from its natural length to 0.3
m. You may use leave gravity as ¢ if needed.

SOLUTION: Did you notice the wording? “To keep it extended” means that the restora-
tive force of the spring, kx, in this case is:

004k =12 = k= 12{2O = 300

To find the work, to actually stretch the spring, we need the integral.
0 0.03
W= [ 33000 dv = 1507 " = 0.135
0

(I wouldn’t ask you to make the final computation without a calculator, but be sure you
can set up the integral). We didn’t need ¢ in this problem.

A tank has a cross sectional area that is a right triangle, with a height of 3 and base
of 4 meters. The tank is 10 meters long and full of water. Give an integral that would
compute the amount of work involved in pumping the tank dry (the water goes out the
top). If needed, use g for acceleration due to gravity (in m/s?) and o for the density of
water (in kg/m?).



SOLUTION: If you put the right triangle on the x and y axes, then the hypotenuse
becomes the line: 3x + 4y = 12. For a slab of water at height y with a thickness of Ay,
then the width is z = (12 — 4y)/3 and the length is 10. Multiply these together to get
the volume of the slab (in cubic meters):

12—-4
Vol of slab at height y is 10 ( 3 y) Ay

To get the "force” in Newtons, multiply by go. This slab of water needs to go out of the
top of the triangle, so it needs to be lifted (3 — y) meters. The work overall is therefore:

3 12 — 4y
W—/Ol()( 3 )(3 y)go dy




