Exam 2 Review Solutions

1. State the Fundamental Theorem of Calculus: Let f be continuous on [a, b].
o If g(z) = / f(t)dt, then ¢'(x) = f(x).
b
. / f(z)dx = F(b) — F(a), where F' is any antiderivative of f.

2. Give the definition of the definite integral: / x)dr = hm Z f(z7)Ax; Or you may

be more specific and use right endpoints:
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3. Find the area bounded between the regions y = 1 — 222 and y = |z|.

The curve intersects with the line y = x

where 1 — 222 = 2, or 222 + 2 — 1 = 0,

so that * = § or z = —1 (you can use

the quadratic formula if you would like).
We choose z = % By symmetry, we only
need to integrate over the right half of the
region shown in the Figure to the right,
then multiply by 2:
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4. For each of the following integrals, write the definition using the Riemann sum, and
then evaluate them (MUST use the limit of the Riemann sum for credit, and do not
re-write them using the properties of the integral):
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If we simplify the function first,

250 .,

f(5i/n) =1+2(5i/n)> =1+ e

Using the Riemann sum, if we sum this expression for i = 1..n, we get
" 250 n2(n+1)?
5i/n) = R S
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Multiply by 5/n and take the limit, and we get:
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5. Evaluate the integral and interpret it as the area of a region (sketch it).

4
/ V& +2—z|dx
0

We see that the curves intersect where
Vr+2=z 2*-—2-2=0, z=-1,2 3-:

Using the picture, we see that the area is 2_:
represented by the integral sum:
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6. True or False (and give a short reason):

(a) [(x — 2%) dx represents the area under the curve y = 2 — 2° from 0 to 2.
FALSE. The function is negative for 1 < x < 2, so the integral represents the net
area between the curve and the x axis. If you wanted the actual area, you would
need to integrate |x — z3|.

(b) If 3 < f(x) <5 for all z, then 6 < [ f(x)dx < 10
TRUE. We're using the property that, if m < f(x) < M, then m(b — a) <
J2 f(x) dz < M(b— a).

(c) If f, g are continuous on [a, b], then
b

/ab f(z) —g(z)dr = /bf(x) dx —/ g(z) dz

a a

TRUE. This is one of the properties of the definite integral.



(d) The fact that f,g were each individually continuous on [a,b] was an important
thing to state in the last problem.

TRUE. Otherwise, you could do something silly like:

1 1 11
/ 1dx:/(1+f)——dx
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and the integral of 1/x would not exist on this interval.

(e) If f, g are continuous on [a, b], then

[ Fadote) dr = ( [ 1) dw) ( [ste) dx)

FALSE. For example, if f(z) = 3 and g(z) = 1, then the antiderivative of f(x)g(z)
is 3z, but the product of antiderivatives would be (3x)(x) = 3z2.

Hint: If you want to say that something is false, provide a quick counterexample.

(f) All continuous functions have derivatives.

FALSE. The famous example from Calc I is y = |z| at x = 1. Continuity does
not imply differentiability.

(g) All continuous functions have antiderivatives.

TRUE. This is what the Fundamental Theorem of Calculus says- g(z) = [7 f(t) dt
is an antiderivative if f is continuous.

7. For each of the following Riemann sums, evaluate the limit by first recognizing it as
an appropriate integral:

" /3 31
(a) lim > () \/ 1+ 2 (Find four different integrals for this one!)
n OOi:l n n

From what is given, we know that b — a = 3, so if a or b is given, the other can
be computed. Since we see the expression

.
1+
n

then we might go ahead and take a = 1 (so that b must be 4). In this case, the
integral will be

/14\/5613:

However, a second choice would be to take a = 0, so that

f@Bi/n)=4/14+3i/n = f(z)=vV1+z

and the integral would be

/jmdx



A third alternative: Let’s take a = 3 just for fun. Then,

F(3+3i/n) = \J1+3i/n=1/-2+(B+3i/n) = fl&)=vz—2

6
and the integral would be / v —2dx.
3

As a last option, suppose a = —1. Then we would have

F(=1+3i/n) = /1 +3i/n= 2+ (-1 +3i/n) = f(z2)=Va+

[\]

2
and the integral would be / v+ 2dr
-1
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Some optlons.
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8. Evaluate the integral, if it exists
/ Vu —2u®
SOLUTION Use algebra first to simplify.

9
/ W = 2udu = 22 — o) = (2(3) ~81) — (2 1) = ~76
1

1
b) /3”” + = +sec’(x) dx
T
SOLUTION: These are an assortment of functions from the table:

1
——3" +In|z| + tan(z) + C

In(3)
/4 4
/ t* tan(t) gt
—r/4 2 + cos(t)

SOLUTION: By symmetry (the function is odd, since tan(t) is odd, and is mul-
tiplied by an even function), the integral is zero.

3
d) / 2% — 4| dw
0

SOLUTION: Break up the interval to get rid of the absolute value:
2 3 16 7 23
—(22 =N d / 2 Qdp == "4+ ==
/0 (" = dydet | a” = dde 37373
(e) /008(1;1(90)) s
SOLUTION: Use u = In(z), du = 1/x dx so:

/Cosﬂﬂ(x» de = [ cos(u) du = sin(u) + C = sin(In(2)) + C

T



(f)

2
/ V4 —22dx
0

SOLUTION: Use geometry to see this is the area of a quarter circle-
y=vVd—12 = 2*4+4*=14

so the area is .

1
——dx
/ V1— a2
SOLUTION: The integrand is the derivative of sin™'(x), so the answer is sin ™! (z)+
C

2 ]
/ —dz

-1
SOLUTION: The function is not continuous on the interval [—1, 2], so we would
say that the FTC does not apply.

[ w1 dw

SOLUTION: Multiply it out first: (w'/* + 1)? = w'/? 4+ 2w'/* + 1, so

2 8
/w1/2+2w1/4+ ldw = §w3/2+g:v5/4+w+0

/1 L e = 0-m(2) = m(1/2)

2 T
(Did you remember to use In|z|?)

/1/2 sin~!(z) @t

0o V1-22

SOLUTION: Let u = sin~!(x), so du = dx/+/1 — x2. Substitute, with sin™*(0) =
0 and sin~*(1/2) = 7/6, since sin(7/6) = 1/2:

w/6 2

/6 1 T
du = —u?| = —
/0 e

/(1 + tan(t)) sec?(t) dt
SOLUTION: Let u = tan(t), so du = sec?(t) dt, and the integral becomes

1 1
/1 +udu=u-+ §u2 = tan(t) + itaHQ(t) +C

/ tan(x) dx
SOLUTION: Re-write the integrand as sin(z)/ cos(z), then let u = cos(z). There-
fore,

/sm(:x) dx:—/1du:—ln|u|+C=—1H’COS(x>|+C:1n|SeC(I)|+C
u

cos(z)

(Its OK if you don’t do the last step).



(n) / V1 + xde

SOLUTION: Let w = 1+ 2. Then du = dz and if we substitute now, we see there
is an extra x. Go to the first equation, u = 1 + x and solve for x in terms of wu:
x =1 — u, and now we have:

2 2 2 2
/(1—u)ul/2 du = /ul/z—ug/2 du = §u3/2—5u5/2+0 = §(1+x)3/2—g(1+x)5/2+0

y—1
d
© | =1
SOLUTION: Let u = 3y* — 6y + 4, so du = 6y — 6dy = 6(y — 1) dy. Substitute
into the equation and:

1 1 1
é/u”/z du = gulﬂ +C = §(3y2 — 6y +4)?+C

4
(0) [ It=3lat
SOLUTION: Break up the integral

3 4
/ 3—tdt+/ po3dr—
1 3 2

You can also do it using geometry and add the areas of the two triangles together.
9. Find the derivative of the function:

Note: For each of these, we're using the formula from the FTC part I

y= [ f@d =y = FAE)H @) - Fla)d @)

x2 t
(a) F(z) = / 1 —\{tQ dt so F'(x) = ff;, assuming x > 0.
0

3x et
(b) y = / Cat
vz t
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10. The idea here was to recognize this as a Riemann Sum, then evaluate by evaluating
the definite integral. For example,

1[/1\? 2\* 3\? n\? 1 1 Lo
lim = | = -z =z U :/ dr = —219] = —
neo Kn) * <n> * <n> * (n) ] o U T 10" o 10
11. Evaluate:

1 d t —1 —1 -1
an~*(x) _ tan™'(1) _ _tan™'(0) _ mw/4
(a>/od:c(e )dx—e e =e 1

Cenerally speaking, this is [” f'(z) dz = f(b) — f(a).



d (' e
(b) di/ e@ ' (#) dz = 0 (This is the derivative of a constant).
x Jo

d e tan~1(¢) tan~1!

- n dt = etan (z)

(c) I /0 e e

(a) Sketch the graph of f(x) = |z| — 1.

(b) Suppose this function is the derivative of some other function, F'(x). Sketch one
possibility using your previous graph as a guide.

(c) Sketch the function G(z) = [, f(t) dt for the same values of —2 < 2 < 4, again
using your previous answers as a guide.

(d) What is the relationship (if any) between F' and G?

SOLUTION: Please review how to draw the sketch of an antiderivative from the graph
of the function (or equivalently, given the graph of f’) sketch f). The sketches from
(b) and (¢) are in Figure 1. Are you curious about how these were plotted? The
antiderivative of || is actually $z|z|. For fun, see if you can show it.

1 4
it

2

1

Figure 1: Solutions to Exercise 12. The figure to the left is a generic antiderivative. The
figure to the right is the antiderivative that is zero at x = —2. One is just a constant shift
of the other.

13. A particle moves along a line with velocity v(t) = t*> —t, where v is measured in meters

per second. Find (a) the displacement and (b) the distance traveled by the particle
during the time interval [0, 5].

SOLUTION: The displacement will simply be the integral:

5 1 1
2 —tdt = (t3 — —¢?
I U

Sorry about the fractions- I'll try to keep the numbers somewhat nice for the exam.

5 175
= — =~ 29.17
6

0

The distance traveled is the absolute value of the velocity. Notice that the velocity
function is an upward opening parabola with zeros at 0 and 1. Therefore,

5 1 5 1 88 59
/|t2—t|dt:/ —t2+tdt+/ tP—tdt=-+—=—=1295
0 0 1 6 3 2



14. If f is continuous and [ f(z)dx = 4, find [ xf(2?) dx

15.

16.

SOLUTION: Use u, du substitution with u = 22, so du = 2z dx, and
3 1 /9 1
/ v f(2?) dx = f/ f(u)du =
0 2 Jo

2
If f(x) =2—12z, f(0) =0 and f(2) = 15, find f(z).

SOLUTION: f'(z) = 2z — 62® + C} so f(z) = 2? — 22° + Ciz + C;. We use the
information provided to solve for the constants:

-4 =2

f(0)=0 = 04+0+0C;+Cy=0

SO

27
f2)=15 =22-22°420, =15 01=?

Therefore o7
f(z) =2* —22° + 5%

Let R be the region in the first quadrant bounded by y = 2 and y = 22 —22%. Calculate
the following quantities: (Exam note: Region R would typically be plotted for you).

(a) The area of R.

1 5
O(x %) —z°dx D

(b) Volume obtained by rotating R about the z—axis.

SOLUTION: Using washers, the inner radius is r = 2% and the outer radius is
R = 2x — 22, to the volume is:

1 1
V= / (27 — 2%)? — (2*)] dz = 7r/ [42? — 42® 4 2* — 2% do =
0 0

[4 L1 1]_41
13 5 7] 105"

(c¢) Volume obtained by rotating R about the y—axis.

SOLUTION: Use shells so we can stay in terms of x: The radius is x and the
height is (22 — %) — 23, so

1 9 3 13
V:/27Tx(2x—x —z’)dr = —7
0 30



17. Use any method to find an integral representing the volume generated by rotating the
given region about the specified axis. You do NOT need to evaluate the integral:

(a) y =+/x,y =0,2 = 1; about = = 2.
In terms of shells, the radius is 2 — x and
the height is \/z:

bl

1
V= / 2m(2 — x)v/z dx =
0

04
0z

In terms of washers, the outer radius is g
2 — y? and the inner radius is 1:

The solid of revolution created onll < x < 1 by rotation of f(x) = /% about the axis = 2. Ths skics that s
rotated is shaded in burgundy.

V= [x(@- - 1)y

(b) y =% y=2— 2% about z = 1.

In terms of shells, the radius is 1 — z and
the height is (2 — 2?) — 2%

- /_11 2m(1 — 2)(2 — 222) do

The solid of revolution created on —1 = » =< | by rotation of £ () = »% and g(¥] = 2 — »* abhout
the axis x = 1. The shice that is rotated is shaded in burgundy

(c) y=2a% y=2— 2% about y = —3.

In terms of washers (preferred method),
the inner radius is 22 — (—3) = 2%+ 3 and
the outer radius is (2—2?)—(—3) = 5—z*:

V= /_117r [(5 — %) — (2* + 3)2} dx

The solid of revolution created on —1 < x < | by rotation of f () = 2% and g(x) = 2 — »* about
the aus p = -3. The slice that is rotated is shaded in burgundy.

(d) y = tan(x), y = x, x = 7/3; about the y—axis.



In terms of shells, the radius is x and the
height is tan(x) — x:

w/3
V= / 2rx(tan(x) — x) dx
0

The solid of revolution created on0 =< x < 31 by rotation of

SFlxy=tan(x) and g(x) =x about the aie x = 0. The slice that iz
rotated is shaded in burgundy.

18. Prove the following using induction:

n(n+1)(2n+ 1)

P4+22 43+ 4n? = :

SOLUTION: Using induction, we:

e Prove true for n = 1 (or some starting case):

12)6) |,
L

12 =

e Assume true for n = k: .
S k(k+1)(2k+1)
i=1 6
Now use the assumption to prove that the statement must be true forn = k41,
or, that

ML (k4 1) (k+2)(2k + 3)

2 _
= ;

We start with the left side of the equation, and stop when we show the right side
of the equation:

’ilz —Zz +(k+1 k<k+1)6(2k+1)+(k+1)2:
(k+1)k(2k:+ )+6k:+6:<k+1)2k;2+7k:+6:(k:+1)(k:+2)(2k:+3)
6 6

19. Prove the following using induction:

3

SOLUTION: Proof:



e We first prove that the statement is true if n = 1. In this case, statement becomes:
1/2 = 1/2, which is true.

e We assume that the statement is true if n = k. That is,

> 1k
~ (i +1)  k+1

=1

e We show, using our assumption, that the statement must be true when n = k+1.

That is,
k1 k+1

Zb@+1f:k+2

We do that by starting with the LHS of the equation, then showing that we can

get the RHS:
1 k 1
Z i(i+ 1) ;H+1 CESNES) Break apart the sum
TRl Gt )E+2) y assumption
k(k+2)+1

T (k+1)(k+2)
k2 42k +1 k+1

= = ED
(k+1)(k+2) k+2 Q

sin(z) — x
20. Use a series to evaluate the following limit: hr% (7)
T T

SOLUTION: We want to use the Maclaurin series for sin(z):

. > i ﬁwl 1 1
Substitute this into the expression:
sin(z) —x —gad 4 2% 4 11,
3 — 3 — ——‘ + —X _|_ “ e
x x 3! 5l

The limit is —1/6.
21. Use a known template series to find a series for the following:
(&) 5
SOLUTION: You should be thinking about the sum of a geometric series, 1/(1—r).
We can put it into that form:

1'2 1 o] 00 e’}
:ZL'2' :$2'ZIRZZ$N+2:ZIWZ
n=0 n=0 m=2

l+zx 1—(—x)

You don’t need to do the last step, but it may be helpful.



(b) 10*
SOLUTION: Using the hint and the Maclaurin series for the exponential function:

10* = e111(10“'3) — e:cln(lO)

Now, the Maclaurin series for the exponential:

X __ — xn

¢ n:(]H
so that * (zIn(10))
T In n

10° =)
|
= n!
(c) we®®

SOLUTION: Use the Maclaurin series for e?:

00 n o0 9n,.n+1
xezx:xz(zx) 222 T

|
n=0 n: n=0

n!

22. Find the Taylor series for f(x) centered at the given base point:

(a) ' =322 +1,at x =1
SOLUTION: We don’t really need to build a table for this one, but we can:

n @) o)
0 2*—322+1 —1
1 42% —6x -2
2 1222 — 6 6
3 24x 24
4 24 24
5

0 0

We see that we get:

24
3!

24

6 2
fle)=—1=-2(z—-1)+ —(x—1)"+ o

o (z —1)*

(x—1)%+
We should pause and note that if we were to expand this expression and simplify,
it would get us back to 2 — 322 + 1. We would also note that this is a finite sum
and NOT an infinite series, so that a “radius of convergence” is not really needed-
the sum exists for all z.

(b) 1/y/z at =9 (just get the first four non-zero terms of the power series).



n f0 () F(9)
0 x1/? 2T13
1 (—1/2)z=3/? T
2 (—1/2)(=3/2)z>" s

3 (-1/2)(-3/)(-5/27 P

2337

If we look that over carefully, we see the general term:

£ (9) = (=" ;;nH (2n—1))

If you didn’t get the general term, that’s fine- We were asked to write the first
four terms:

11 1-3 , 1:3-5 ,
37 2" T g (0 g (9

(c) 272 at = 1. In this case, find a pattern for the n'" coefficient so that you can
write the general series. Using this answer, find the radius of convergence.

no @) )
0 x2 1
1 —2g73 —9 = fO01) =(-1D)"(n+1)
2 (—2)(=3)z~* 3!
3 (=2)(=3)(=4)x~° —4!
Putting this into the Maclaurin series, we get the series that we’ll test:
S LW gy S D gy Sy e 1y

Now perform the Ratio Test to see that the radius of convergence is 1.

23. Find the Maclaurin series and radius of convergence for In(x + 1).
SOLUTION: This is much like the last one. First come up with a formula for £ (0):

R @ )
0 Iz + 1) 0
b e Los 00 = (-
2 (—1)(z +1)2 -1
3 (—1)(=2)(x + 1) 2
4 (D)(=)(=(z+1) -3l



Notice that n starts with 1 instead of 0. Substitution gives us:

n

Z(_1>n+1£n
n=1

and the Ratio Test should give you a radius of 1.



