Solutions to Review Questions: Exam 3
Chapter 6, Sections 5.1-5.3

1. Use the definition of the Laplace transform to determine £(f):
(a)
3, 0<t<?2
f(t)_{ 6—t, t>2
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The second antiderivative is found by integration by parts:
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Putting it all together,
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NOTE: Did you remember to antidifferentiate in the third column?

ft) =

et 0<t<5
1, t>5

o) 5 e 5 o)
/ e S f(t)dt = / e et dt + / —edt = / e~ (T gt 4 / —e "t dt
0 0 5 0 5

Taking the antiderivatives,
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2. Check your answers to Problem 1 by rewriting f(¢) using the step (or Heaviside) function,
and use the table to compute the corresponding Laplace transform.

(a) f(t) = 3(uo(t) —uz(t)) + (6 — t)us(t) = 3 = Bua(t) + (6 — t)ua(t) = 3+ (3 — 1) ua(?)
For the second term, notice that the table entry is for u.(¢)h(t — ¢). Therefore, if

1 1
h(t—2)=3—t then h(t)=3—-(t+2)=1—¢t and H(s):;—?

Therefore, the overall transform is:
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(b) f(t) = e™" (uo(t) — us(t)) — us(t)

We can rewrite f in preparation for the transform:
f(t) = e Tug(t) — e us(t) — us(t)
For the middle term,
ht—5)=et = h(t)=c D) =¢ B!

so the overall transform is:

(8) _ 1 s e—55 B e—55
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3. Determine the Laplace transform:
(a> t2679t
2
(s+9)3

(b) e* — 3 — sin(5t)

1 6 5

(c) us(t)(t —5)*

(d) e sin(4t)

(s—3)2+ 16

(e) e'o(t —3)
In this case, notice that f(t)0(t — c) is the same as f(c)d(t — c), since the delta
function is zero everywhere except at ¢t = ¢. Therefore,

L(e'5(t —c)) = e

(f) t2ua(t)
In this case, let h(t —4) = %, so that

2 + 8s + 1652
h(t)=(t+4)?*=t*+8t+16 = H(s):T

and the overall transform is e *H (s).

4. Find the inverse Laplace transform:



2s — 1
s2 —4s+6
2s—1 2s —1 o, os—1/2
s2—4s+6 (s2—4s+4)+2 (s—2)2+2

In the numerator, make s — % into s — 2 + %, then
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(C) m =€ 2 H(S), where
4 2 2 2
H(s) = s+ — + =  h(t) =2 + 2%

(s=1)(s+2) s—1 s+2

and the overall inverse: us(t)h(t — 2).
35 — 2

252 — 165 + 10
ahead and complete the square with the idea that we’ll need hyperbolic sines and

cosines in the inverse transform:

s—2/3 3 s—4 10 1 V11
(3—4)2—11_2<(s—4)2—11_3'\/ﬁ(s—4)2—11>

Notice that the denominator does not factor “nicely”, so we’ll go

35 — 2
2(s?> —8s+5)
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The inverse transform is:

1
2 <e4t cosh(v/11t) — 3\/01_16” sinh(x/ﬁt)

<e> (e—2s . e—35) > _'_15 — _ (6—25 B e—3$> H(S)
Where:

so that

and the overall transform is:
us(t)h(t — 2) — uz(t)h(t — 3)

5. For the following differential equations, solve for Y (s) (the Laplace transform of the
solution, y(¢)). Do not invert the transform.



(a) ¥ +2y + 2y =t*+4t, y(0) =0, y'(0)=-1
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Y + 1425V +2V = = + —
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so that

2 n 4 1
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(b) 3" + 9y = 10e*, y(0) = -1, ¥'(0) =5
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Y(s) =

Y +s—5+9Y =

(¢) v — 4y + 4y =%, y(0) =0, y'(0)=0
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(s —4s+4)Y = -1 _0)

=Y(s) =
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6. Solve the given initial value problems using Laplace transforms:

(a) 2y" +y + 2y = 6(t — 5), zero initial conditions.
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Therefore,
2 V15
h(t) = ——=e Y4tsin [ ~——¢
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And the overall solution is us(t)h(t — 5)
(b) y"+ 6y +9y =0, y(0) = -3, y'(0)=10
35+ 8
SV 35— 104 6(Y +3) £V =0 = V= 8:3)2
s
Partial Fractions:
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so that | 1 ]
ht R -3t ~ .t
(t) 3 + 15° + 1°

and the overall solution is:

1 1
y(t) = ZeSt - Ze_t +ui(t)h(t — 1)

1 1

Y = —7/2s
¢ 52+4+52+4

Therefore,
1 1
y(t) = 3 sin(2t) + uﬁ/g(t)§ sin(2(t — 7/2))

(e) y"+y=>_0&(t—2knm), y(0) =y'(0) = 0. Write your answer in piecewise form.
k=1

1

Y(S) — Z ef2k7rs
= s2+1

Therefore, term-by-term,
y(t) = uokr(t) sin(t — 27k) = > uoni(t) sin(t)
k=1 k=1

Piecewise,
0 if 0<t<2m
sin(t) if 27 <t<dnm
y(t) ={ 2sin(t) if 47 <t <67
3sin(t) if 67 <t <8

7. Short Answer:

(a) /0 Sin(3)3(t — 3) dt = sin(37/2) = 1, since

| st —eyd = i)

(b) If y" 42y’ + 3y = 0 and y(0) = 1, y'(0) = —1, compute y”(0), " (0), and y¥(0).
We see that:

y// _ _2y/ —3yatx=0= y//(() 2(—1) — 3(1) =1

)=~
Y= 2y =3 at s =0 = y"(0) = (<B)(~1) ~ 3(-1) =5
yW =2y =3y at x =0 = y“(0) = (-2)(5) - 3(—1) = -7



(c¢) Using your previous result, give the Taylor expansion of the solution to the differ-
ential equation using at least 5 terms.

1 5 7
y(x)zl—x—iﬁ#—gzx?’—axﬁ‘—{—...

(d) If ¥/(t) = 6(t — ¢), what is y(t)?

We could solve formally using Laplace transforms:

—CS O
sY—y(O):e_csﬁY:e—%—&
s s

so that y(t) = u.(t) + y(0), where y(0) we can take to be an arbitrary constant.

(e) What is the expected radius of convergence for the series expansion of f(x) =
1/(x* + 2z + 5) if the series is based at zg = 17

The roots of the denominator are where 2% +2x+5 = 0. Use the quadratic formula
or complete the square to find the roots,

(r+1) =-4=>0=-1+£2i

Find the distance (in the complex plane) between x = 1 and either root (the
distances will be the same). In this case,

p=vV2+22=18
(f) Use Laplace transforms to solve for F(s), if
¢
ft) + 2/ cos(t —x)f(z)dr ="
0

(So only solve for the transform of f(¢), don’t invert it back).

s 1 (s+1)? 1
(s) + (S>32+1 s+1 (S)<32—|—1> s+ 1
so that 2,1
s° +
F(s) = ———

(g) In order for the Laplace transform of f to exist, f must be?
f must be piecewise continuous and of exponential order
(h) Can we assume that the solution to: y” + p(x)y’ + q(z)y = us(z) is a power series?

No. Notice that the second derivative is not continuous at x = 3, but the second
derivative of the power series would be.

(i) Is z = 0 an ordinary points of y” + /zy' + zy = 227

No. The derivative of \/z does not exist, so it is not analytic at = = 0.

8. More on Laplace Transforms:



(a) Your friend tells you that the solutions to the IVPs:
Y424y =0, y(0) =0,y (0)=1  and  y'+2y'+y =4(t) y(0) =0, y'(0) =0

are exactly the same. Are they really? Explain.

Both models give the same solution if t > 0. If we consider all time, then the
solutions are different.

Conceptually, the two IVPs are also modeling different behavior. In the second
IVP, we are modeling a “hit” at time zero, but in the first, the spring-mass system
(for example), is simply going through equilibrium at a velocity of 1.

By the way, the solution to both IVPs is

y(t) =te™

Valid for all positive time in both models, valid for all time in the first, only valid
for t > 0 in the second (in the Dirac model, the function would be zero for all
negative time due to the initial conditions).

(b) Let f(t) =t and g(t) = ua(t).

i. Use the Laplace transform to compute f * g.
To use the table,

1 e 2 s 1
C(t * Ug(t)) == 372 . s 2 ?

so that h(t) = 3t*. The inverse transform is then

1
us(t) 5 (t - 2)?
2
ii. Verify your answer by directly computing the integral.

By direct computation, we’ll choose to "flip and shift” the function ¢:

frg= /Ot(t — z)ug(x) dz

Notice that ug(z) is zero until z = 2, then us(z) = 1. Therefore, if t < 2, the
integral is zero. If ¢t > 2, then:

t

t t 1 1 1
/(t—x)u2(x)dx:/ t—wde=tr— 22| =2~ 422+ 2= ~(t—2)?
0 2 2 2 2

2

valid for ¢ > 2, zero before that. This means that the convolution is:
1 2
t*uy(t) = §(t — 2)"uy(t)

9. Find the recurrence relation between the coefficients for the power series solutions to
the following;:



(a)

29" +xy +3y =0, 2o = 0.
Substituting our power series in for y, vy, y":

22 (n —1)a,z"" 2+x2nan e 1+3Zan =0

n=1 n=0

We want to write this as a single sum, with each index starting at the same value.
First we’ll simplify a bit:

> 2n(n — 1)a,x" > + ) na,a” + Y 3a,2" =0
n=2 n=1 n=0

Noting that in the second sum we could start at n = 0, since the first term (constant
term) would be zero anyway, we can start all series with a constant term:

o0

Z (k+2)(k + Vagss + kax + 3a) 2" = 0

From which we get the recurrence relation:

o k43
Tk +2)(k+1) "

(I—a)y" +ay —y=0,20=0
Substituting our power series in for y, vy, y":

o0 o
1—1‘2 n—lanxnz—l—xZnan Zanx”:()
n=1 n=0

We want to write this as a single sum, with each index starting at the same value.
First we’ll simplify a bit:

o o0 o o
Z n(n — Da,z" 2 — Z n(n — Da,z" ' + Z na,x" — Z a,z” =0
n=2 n=1 n=0

The two middle sums can have their respective index taken down by one (so that
formally the series would start with 0z°):

n(n —1)a,z" n—lan"1+ nanx— an =
- —

Now make all the indices the same. To do this, in the first sum make £k =n — 2, in
the second sum take kK = n — 1. Doing this and collecting terms:

[e.e]

Z (B +2)(k+ Dagge — (k+ Dkarry + (B — 1)ag) 2F =0

k=0
So we get the recursion:

(k -+ 1)]€ Ag+1 — (/{ — 1)ak
(k+2)(k+1)

Q42 =



(©) ¥ —ay —y=0,20=1

Done in class;
1

w2 L )

Ap42 =

10. Find the first 5 terms of the power series solution to e"y” + xy = 0 if y(0) = 1 and
y'(0)=~-1.
Compute the derivatives directly, then (don’t forget to divide by n!):

1 1
y(x)zl—x—§x3+§x4+...

11. Find the radius of convergence for the following series:

[e.e] o0 ‘ 7n
(a) Y Vna" p=1 (c) > nn:s p = e (From the HW)
n=1 n=1

) S 2 sy =1
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