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Undetermined Coefficients

The Set Up
Find solutions to L(y) = g(t), where

L(y) = ay" + by' + cy
The general form of the solution is written as:
y(t) = yn(t) + yp(t)

where yj, solves L(y) = 0 (the homogeneous part of the solution), and y,
solves L(y) = g(t) (the particular part of the solution).
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Undetermined Coefficients

Example

Idea: The linear operator L(y) = ay” + by’ + ¢y

Applied to: Yields:

Polynomials Polynomials

sin, cos Combin. of sine and cos.
Exponentials Exponentials

Products of the above Products of the above

Example: L(y) =y” —y’ —2y. Then:
L(efsin(3t)) = 3e’ cos(3t) — 11e"sin(3t)

L(t?) =2 — 2t — 2t?

and so on.

Undetermined Coefficients

Second Idea: Superposition

If L(y) = g1(t) + g2(t) + g3(t) (and so on), we can break the solution into

that many pieces:
o Let y,, solve L(y) = g1
o Let y,, solve L(y) = &
o Let yp, solve L(y) =

Then YP(t) = Ym(t) + Yo
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Undetermined Coefficients

Example
Solve: y" +2y' + y = t? 4+ €2t — cos(t)

@ Roots to the char eqn: r = —1, —1. Therefore,

yh(t) = e_t(Cl + Czt)
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Undetermined Coefficients

Example

o Solve the first particular solution with ansatz: y, = At> + Bt + C.
Substituting into the ODE, we get:

At? + (B +4A)t + (2A+2B + C) = t?

Therefore, A=1,B = —4 and C = 6, so that y,, = t*> — 4t + 6.

o Solve the second: yp,(t) = Ae?t:

1
9Ac* = =  y, (t) = §e2t
@ Solve the third: y,,(t) = Acos(t) + Bsin(t):
1
—2Asin(t) + 2B cos(t) = —cos(t) = B = _E’A =0
Therefore, y,,(t) = —3 sin(t)
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Undetermined Coefficients

Example

In conclusion, given y” + 2y’ + y = t? + e?* — cos(t), the general solution
IS:

1 1
y(t)=e H(CL+ Cot) +t> — 4t +6 + §e2t — 5 sin(t)
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Undetermined Coefficients

The Method of Undetermined Coefficients

To find the particular solution, we will guess that its form is the same as
g(t) (Also see table in text):

gi(t)is : The ansatz for yp, :

Pn(t) ts(a”tn+"°+a2t2—|—alt—|—ao)

Pa(t)e t5e*(apt" + ... + axt? + ait + ag)

Po(t)et { sin(0t) t5e®t cos(Bt)(ant” + ... + axt2 + art + ag)+
cos(5t) t°e®* sin(8t)(bnt" + ... + bot® + b1t + bo)

where s = 0,1, or 2.
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Undetermined Coefficients

Solve y" +2y' +y =et

Problem: With the ansatz y, = Ae™ !, we get
0=e !

The solution: Multiply the ansatz by t until it is no longer part of the
homogeneous solution (e.g., until L(y,) # 0).
Since yu(t) = Cre~t + Gote™t, we will need to multiply by t2. Our ansatz
IS now

Yp = At’et

Note: Not a full second degree polynomial. Substitution yields A =1/2,
so the solution is:

1
y(t)=e" (Cl + Gt + §t2>
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Undetermined Coefficients

Example

Let y" — y' — 2y = —4tet + e?t. Give your (final) ansatz:

r=-12 = yt)= Ge "+ Ge*

Yor(t) = (At + B)et = (A—2B)e’ — 2Ate" = —4te

so that
Ypu(t) = (1 +2t)e’

YP2(t) = Ate”'

Substituting, we find: 3Ae?t = e?t, so A = 1/3. The full solution is

1
y = Cie t + Ge®t + (14 2t)et + §te2t
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Undetermined Coefficients

Example

Give the ansatz for the particular part of the solution, if
y' 4+ 2y + y = telsin(2t)
Is this correct?

yp(t) = e’ (At + B)(Csin(t) + D cos(t))

No! The table says that we need a polynomial for each sine and cosine.

That is,
vp(t) = e' ((At + B)sin(2t) + (Ct + D) cos(2t))

And in fact, the full solution to the DE is:

1 1 1
t t( _ - a 2 At 2
e (G + Gt)+e ( 8t—|— 16) cos(2t) 16e sin(2t)
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Undetermined Coefficients

Example
An example we can do by hand: y” +y =1t —et

yn(t) = Cy cos(t) + Gy sin(t)
Now the particular solution (break it up):
Yoo(t) =At+B = At+B=1 = y,(t)=t
And the other part
Vp(t) = Aet =  2Ae = —€f

Therefore, the full solution is:

y(t) = Ci cos(t) + Cosin(t) + £ — %et
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Undetermined Coefficients

@ For each DE, give the (final) form of the ansatz. For your
convenience, the roots to the characteristic equation are also
provided:

» y" 4+ y’ =3t with r =0,—1 SOLN: y, = t(At + B)
» y"”" — By’ + 6y = tsin(3t) +e?t with r=2,3
yp = (At + B)sin(3t) + (Ct + D) cos(3t) + Ate®
» y" 4+ 2y’ + 5y = 3cos(2t) with r = =1+ 2/ y, = Acos(2t) + Bsin(2t)
> ¥y 4+ w?y = cos(wt) with r = twt y, = t(Asin(wt) + B cos(wt))

@ Come up with a DE and a forcing function g so that you must

multiply your ansatz by t2.

© Could you use complex roots for the previous question?
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