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Variation of Parameters

Background
Solve: ay” + by’ + cy = g(t).
Recall that the Method of Undetermined Coefficients exploited the linear

operator acting on certain classes of functions. If the ansatz was part of
the homogeneous solution, multiply by t until it is not.
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Variation of Parameters

Today: Variation of Parameters

This method works on the more general form:
y"+p(t)y + q(t)y = g(t)
The method assumes that
Yp = un(t)ya(t) + uz(t)y2(t)

where y1, y» form a fundamental set to the homogeneous problem.
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Variation of Parameters

Today: Variation of Parameters
This method works on the more general form:

y" +p(t)y’ +q(t)y = g(t)
The method assumes that
yp = ur(t)y1(t) + ua(t)y2(t)

where y1, y» form a fundamental set to the homogeneous problem.
Note: We do not know how to get y1, y» except for special cases...
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Following through, differentiate in preparation for substitution:
I
yp -
=] F = = A



Following through, differentiate in preparation for substitution:
r / / /
Yp = Uy1 + u1yy + toyo + oy,
=] F = = A



Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

1

Yp =
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

"

yp = thyr + iyl + upys + uoys
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

"

yp = thyr + iyl + upys + uoys
Substitute into the DE:

yi =wuyi+ uyl+ vhyat ways
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

"

yp = thyr + iyl + upys + uoys
Substitute into the DE:

yi =wuyi+ uyl+ vhyat ways
+p(t)y, = pury;+ pu2y}
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

"

yp = thyr + iyl + upys + uoys

Substitute into the DE:

Yp =yt uyy+ upyat wyy
+p(t)y, pury;+ pu2y}
+q(t)y, = quiy1+ (e [173%)
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

yp = thyr + iyl + upys + uoys
Substitute into the DE:

yi =wuyi+ uyl+ vhyat ways
+p(t)y, pury;+ pu2y}
+q(t)yp quiy1+ (e [173%)
g(t) =uy
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

yp = thyr + iyl + upys + uoys
Substitute into the DE:

Yp =yt uyy+ upyat wyy
+p(t)y, pury;+ pu2y}
+q(t)yp quiy1+ (e [173%)

g(t) =uyi+ 0+
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Variation of Parameters

Following through, differentiate in preparation for substitution:

!

Yp = thy1 + u1y] + Uhyo + tay;

We will see this later, but we may assume that ujy; + uby» = 0.
Differentiate again:

yp = thyr + iyl + upys + uoys
Substitute into the DE:

Yp =yt uyy+ upyat wyy

+p(t)y, = pury;+ pu2y}
+q(t)y, = quiy1+ (e [173%)
g(t) =upy+ 0+ upys+ 0
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Variation of Parameters

Summary: Using Variation of Parameters, we assume

Yp = uiy1 + iy

Where y1, y» solve the homogeneous DE. Then uy, up satisfy the system:
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Variation of Parameters

Summary: Using Variation of Parameters, we assume
Yp = uiy1 + iy
Where y1, y» solve the homogeneous DE. Then uy, up satisfy the system:

upy1 + upys =0
uiyy + upyy = g(t)
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Variation of Parameters

Summary: Using Variation of Parameters, we assume

Yp = uiy1 + iy

Where y1, y» solve the homogeneous DE. Then uy, up satisfy the system:

upy1 + upys =0
upyy + upys = g(t)

NOTE: For exams/quizzes | will give you the system of equations
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We solve the system using Cramer's Rule:
uyyr + ub =0
i8g! Y2 =

uiyi + upys = g(t)

o = = = nae
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Variation of Parameters

We solve the system using Cramer's Rule:

Uiyt + ubys =0

0 yw

37, L
Ly 180y g -1 &)
! W(y1,y2) 2

W (y1,y2)

o = = = nae
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Variation of Parameters

We solve the system using Cramer's Rule:

‘ 0
uiyr + ubys =0 - g(t) v A=
upy; + uby, = g(t) ! W (y1, y2) 2
From that, we see
b — [ 228 = [ 218
W }/17)/2 W(Yb)’z)
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1 0 ‘
y1 &(t)

dt
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Variation of Parameters

We solve the system using Cramer's Rule:

‘ 0
uiyr + ubys =0 ;&) v
A VAN = up = Uy =
uyy +uyy, = g(t) W(y1,y2)
From that, we see
b — [ 228 = [ 218
W }/17)/2 W(Yl»)’z)

NOTE: Do you need to “add C" to your integrals?
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W (y1,y2)

1 0 ‘
y1 &(t)

dt
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yzg(t)
W Y1a}/2)

y18(t)
U = dt
W(y1, y2)
Use Variation of Parameters to find the general solution
4y" — 4y’ — 8y = 8e

o = = = nae
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

r=-12 = ylze_t yzzezt
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

r=-12 = y=e! yp=e* g(t)=
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

DRHundley (WHI) Math 244 Oct 2010

7/ 10



Variation of Parameters

yzg(t) B y18(t)
up, = =227 _dt
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

W= ’ —e~t g2t
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Variation of Parameters

yzg(t) B y18(t)
up, = =227 _dt
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

Substituting into the formulas,

up =
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Variation of Parameters

yzg(t) B y18(t)
up, = =227 _dt
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

Substituting into the formulas,

—e?tet

/
Uy = —— =
1 3et
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Variation of Parameters

yzg(t) B y18(t)
up, = =227 _dt
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

—t 2t
e e
W = = 3et
’ —e b 2e%t
Substituting into the formulas,
,  —e’t2et 2 ,
y = —— = — — us =
! 3et 3 2
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Variation of Parameters

yzg(t) B y18(t)
up, = =227 _dt
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

—t 2t
e e

W = = 3et

’ —e b 2e%t

Substituting into the formulas,
,  —e’t2et 2 , et
i = = — — Uy = ——— =

! 3et 3 2 3et
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Variation of Parameters

yzg(t) B y18(t)
= [ 2 gy
W(y1,y) W(y1,y2)

Use Variation of Parameters to find the general solution:

4y" — 4y’ — 8y =8e "

t

r=-1,2 = y=e! y=e g(t)=2e""

We need W(y1, y2):

—t 2t
e e
W = = 3¢t
’ —e~t g2t
Substituting into the formulas,
,  —e’t2et 2 , efett 2 o
y = —— = — — U — —— — —e
1 3et 3 2 3et 3
Therefore, uy(t) = —%t and uy = —%e‘“.
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The particular solution to 4y” — 4y’ — 8y =8e ! is
Yp =
=} = = E AP N G4



The particular solution to 4y” — 4y’ — 8y = 8¢~
2
Yp =

t
2
—Zte t —
3
so the full solution is

—€

is

—3t 2t
e

9

2

t

o = = = nae
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2
Yp =

tis

2
—Zte t —
3
so the full solution is

-3t 2t
—e e
9

The particular solution to 4y” — 4y’ — 8y = 8¢~

2
= Yp=—5te

y(t) = Cle ™t + Ge¥ — Ztet

3

o = = = nae
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Variation of Parameters

The particular solution to 4y” — 4y’ — 8y =8e ! is

2 ., 2
yp:—gte —§e

—3t62t t

= 2t -
= ——te
Yp 3
so the full solution is
2
y(t) = Cre™t + Ge¥ — §te_t

Note: Using Method of Undetermined Coefficients, we would have guessed
the same?
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

"n_ ol _
Y y 1+ t2

SOLUTION: y; =ef, yo = tef, W = &%t
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

"n_ ol _
Y y 1+ t2

SOLUTION: y; =ef, yo = tef, W = &%t
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

" _ 2 / —
Y y ty 1+ t2
SOLUTION: y; =ef, yo = tef, W = &%t

t
tet(lj——ﬂ) _ —t
e?t 1+1¢2
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

y'=2+y=

1+t
SOLUTION: y; =ef, yo = tef, W = &%t
—tet ¢
/ 1+ —t 1 2
g — —_ 1
u; 2 1+t2:UI 2n(+t)
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

y'=2+y=

1+ ¢2
SOLUTION: y; = ef, yo = tet, W = %t
—tet ¢
r_ e ot _ 1 2
u; = 2t —1+t2:ul——zln(1+t)
ot ef
R N
2 e2t 1+ ¢2
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1, y2)
Use Variation of Parameters to find the general solution:

t

n_ 2 / —
Y y ty 1+ t2
SOLUTION: y; =ef, yo = tef, W = &%t
_ ) _ —t __1 2
uy = 2t —1+t2:ul——zln(1+t)
et—z_(lj—tt) 1
r_ _ I
Uy = — —1+t2:>u2—tan (t)

Therefore, the full solution is:
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Variation of Parameters

—reg(t) _ [ »ns(t)
up = [ —=——"_dt
W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:

t

y'=2+y=

1+1¢2
SOLUTION: y; = ef, yo = tet, W = %t
t_ef
o - teeg+t2) - ;tt2 Sy = _% In(1+ )
/ et(l—-‘fs—tfz_) 1 -1
h=—0r =1ip = up =tan " (t)

Therefore, the full solution is:

y(t) =" (G + Got) - %et In(1 + t?) + te' tan(t)
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W (y1,y2)
Use the Variation of Parameters to solve
2.0 / _ 3 _ _ t
ty" —t(t+2)y + (t+2)y =2t vi(t)=1t yo(t) =te

SOLUTION:
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W (y1,y2)
Use the Variation of Parameters to solve
2.0 / _ 3 _ _ t
ty" —t(t+2)y + (t+2)y =2t vi(t)=1t yo(t) =te

SOLUTION: g(t) =2t and W(y1,y2) = t%et, so
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W (y1,y2)
Use the Variation of Parameters to solve

2y —t(t+2)y + (t+2)y =2t  yi(t) =t yo(t) = tet
SOLUTION: g(t) =2t and W(y1,y2) = t%et, so

,  —2t%t
W= g =~
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Variation of Parameters

t t
—veg(t) w— [ 28

W(y1,y2) W (y1,y2)
Use the Variation of Parameters to solve

2y —t(t+2)y + (t+2y =28 y(t) =t yoft) = te

SOLUTION: g(t) =2t and W(y1,y2) = t%et, so

—2t2%et
/S = _
n=—gg = 2 = uy=-2t
Similarly,
oy =
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Variation of Parameters

yzg(t) v18(t) dt

Uy =
W(y1,y) W (y1,y2)

Use the Variation of Parameters to solve

2y —t(t+2)y +(t+2y =26 p(t)=t y(t)=

SOLUTION: g(t) =2t and W(y1,y2) = t%et, so

—2t2%et
/
uy = et = -2 = u=-2t
Similarly,
2t2
/ —t
27 f2t 2
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Variation of Parameters

yzg(t) v18(t) dt

Uy =
W(y1,y) W (y1,y2)

Use the Variation of Parameters to solve

2y —t(t+2)y +(t+2y =26 p(t)=t y(t)=

SOLUTION: g(t) =2t and W(y1,y2) = t%et, so

u;’l:%:tet:—2 = u=-2t
Similarly, ,
A % =2! = w=-2"
so
Yp =
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Variation of Parameters

yzg(t) v18(t) dt

u =
W(y1,y2) 2 W (y1,y2)

Use the Variation of Parameters to solve

2y —t(t+2)y +(t+2y =26 p(t)=t y(t)=

SOLUTION: g(t) =2t and W(y1,y2) = t%et, so

—2t%!
I - _ - _
n=—gg = 2 = uy=-2t
Similarly,
2t2
/ —t —t
= — = 28 = U, = —26
27 2t 2
so

Vo = (—2t)(t) + (=27 H)(te’) = =2t — 2t = y,(t) =
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