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Background
Solve: ay” + by’ 4+ cy = g(t).

Recall that the Method of Undetermined Coefficients exploited the linear
operator acting on certain classes of functions. If the ansatz was part of

the homogeneous solution, multiply by t until it is not.
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Variation of Parameters

Today: Variation of Parameters

This method works on the more general form:
y'+p(t)y" +q(t)y = g(t)
The method assumes that
yp = ur(t)yi(t) + uz(t)ya(t)

where y1, y» form a fundamental set to the homogeneous problem.
Note: We do not know how to get y1, y» except for special cases...
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Variation of Parameters

Following through, differentiate in preparation for substitution:
/ / / / /
Yp = Uiyl + Uiy + Upy2 + 2y

We will see this later, but we may assume that ujy1 + ujys = 0.
Differentiate again:

yp =ty + uryy + tays + toys
Substitute into the DE:

Yo =iyt uiyf+  Upyat oy

+p(t)y, = pu1y;+ pu2ys
+q(t)y, = quiy1+ quay2
g(t) =uwuy+ 0+ upyst+ O
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Variation of Parameters

Summary: Using Variation of Parameters, we assume
Yp = u1y1 + u2y»
Where y;, y» solve the homogeneous DE. Then uy, uy satisfy the system:

upyr + uby> =0
upy + uhy; = g(t)

NOTE: For exams/quizzes | will give you the system of equations
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Variation of Parameters

We solve the system using Cramer's Rule:

133 L3
nyr+ oy =0 Ly - 18 v gl &)
upy; + upy, = g(t) ! W(y1, y2) 2 W (y1,y2)
From that, we see
—y28(t) y18(t)
up = — = dt Uy = ==~ _dt
W (y1,y2) W (y1,y2)

NOTE: Do you need to “add C" to your integrals?
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Variation of Parameters

—y28(t) v18(t)
= | —==27_dt u = | =4 dt
! W (y1,y2) ? W (y1, y2)

Use Variation of Parameters to find the general solution:

4y" —4y' — 8y =8e !

r=-1,2 = y=e! y=et g(t)=2e""
We need W(y1,y»):

—t 2t ;
W = 3e
‘ —e~t 2e2t
Substituting into the formulas,
. —e?tet 2 , e et 2 4
y = = — — U = ——— — —¢e
1 3et 3 2 3et 3
Therefore, u1(t) = —5t and up = —3e 3"
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The particular solution to 4y” — 4y’ — 8y =8e 7t is
2 —t 2 -3t 2t 2 —t
= —ste " — —e TeT = y,=—zte
P73 9 T3

so the full solution is
2
y(t) = Cie™t + G — §te_t

Note: Using Method of Undetermined Coefficients, we would have guessed
the same?
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Variation of Parameters

—y28(t) 18(t)
= | ———=dt up = [ ————dt
W(y1,y2) W(y1,y2)
Use Variation of Parameters to find the general solution:
t
"n_ o, _ €
Y yry 1+ t2

SOLUTION: y; =ef, yo = tel, W = e?t,

t

,_ e —t l 2
u; = 2t :1+t2:>u1:—§|n(1—|—t)
of et
(+7) 1 -1
uy = 2 T ipp T =t (t)

Therefore, the full solution is:

1
y(t) =e' (G + Got) — iet In(1 + t?) + te tan~ ()

et 2010
—y28(t) v18(t)
= — 2 7 dt Uy = -2 7 _dt
W (y1, y2) W(y1, y2)

Use the Variation of Parameters to solve
2.1 / o 3 _ _ t
t?y" — t(t +2)y + (t +2)y = 2t yi(t) =1t yo(t) = te

SOLUTION: g(t) = 2t and W(y1, y2) = t%et, so

—2t2et
r_ _ - _
h=—pa = 2 = u=-2t
Similarly,
2t2
r_ At At
U = % = 2e = uy = 2e
SO

Yo = (<26)(t) + (=2¢)(te!) = =22 =2t = y,(t) = —28
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