Solutions for Exercise Set 2

1. Verify that the following function solves the given system of DEs:

1 2 3 =2
_ —t 2t /I
x(t) = Che [2}+Cge {1} X—|:2 _2}x
SOLUTION: First, we compute x’, then we’ll compare it to Ax:

e For x’', we have

|1 2
—C’le t|:2:|—|—20282t|:1:|

e For Ax, we have:

L3 =271 w3 2727
|y S e s S0
—1 4 1 2
Cle_t|:_2:|+02€2t|:2:|:—Cle_t|:2:|+20262t|:1:|

2. Convert each of the systems x’ = Ax into a single second order dif-
ferential equation, and solve it using methods from Chapter 3, if A is
given below:

was[ 1

SOLUTION: We use the substitution from the first equation, x, =

5(2} — 1) into the second equation:

1 1
§(x'1’ —2}) = —bx; — §(x’1 —z1) = {492, =0

We have two complex roots to the characteristic equation, A =
4317, so

1
x1(t) = Cycos(3t) + Cysin(3t) = xa(t) = 5(3[;’1 — 1)
which simplifies to
1 3. 3 1.
2o(t) = 01(—5 cos(3t) — 5 sin(3t)) + 02(5 cos(3t) — 5 sin(3t))

wa=[1 1]

SOLUTION: Using the first equation to solve for zo = 2} — 24,
substitute into the second to get:

1 / / 7z /
v, —xy =4r+x -1 = 2] — 227 —3x; =0

1



From solving the characteristic equation, r = —1, 3 so that
T = C’le?’t + Cge_t
Use the substitution to find zy = 2} — x1:

T = 2C1€3t - QCQG_t

O

SOLUTION: In this case, the second equation is easier to use for
the substitution: x; = x4+ x9, so that the first equation becomes:

oy + g =3xh+3xy—4dxy = x5 —225+1x3=0
We have a double root: r =1,1. Thus,
1y = e (O] + Cyt)
Substitute this into the equation for x;:
1 = 2h + 19 = ' (2C) + Cy(2t + 1))

3. For each matrix, find the eigenvalues and eigenvectors:

5 —1
@a=|3 7]
SOLUTION: The characteristic equation is

MN—_6A+8=0 = AX=214

For A = 2, the system (A — A\])v = 0 reduces to

o V1T = U1 . 1
3'111—1)2—0 = vy :3’01 = V_|: 1

For A\ =4, the system (A — AI)v = 0 reduces to:

v =V 1
v —v=0 = ! 2 = V:|: :|
Vo = V2

3 =2
o a-[t 2
SOLUTION: The characteristic equation is
M-22+5=0 = M\-1> =-4 = AX=1+2i
For A = 1+ 2i, the system (A — AI)v = 0 reduces to

(2 — 2i)U1 — 2?]2 =0
Aoy — (24 20wy =0

2



It may not look like these are the same equation, but if you multi-
ply the first equation by 2+ 2i, you will get the second. Therefore,
we can just use one of them- Using the first equation, we get:

1
1—1

We don’t need to solve for the second eigenvalue and eigenvector-
They are simply the complex conjugates:
1
1414

U1 =10

= Vo = (1 — i)Ul

vy = (1—1i)v; N V:{

)\2:1—21 V2:|:

[ 2 4]

SOLUTION: The characteristic equation is
N+4A+3=0 = A=-1,-3
For A = —1, the system (A — AI)v = 0 reduces to

(%1
V2

—v; +vy=0 =
:/Ul

=

For A = —3, the system (A — A\I)v = 0 reduces to:

(%
v+uv=0 = !

NEN

SOLUTION: The characteristic equation is
M—22=0 = AX=0,2

For A = 0, the system may not look like the same equation, but
they are (multiply the first equation by —i to get the second):

. . U1 = —iUQ . —1
v+ =0 = vy = g = V—|: 1:|
For A\ = 2, we get:
iy =0 = T v:[z}
Vo = V2 1



1 V3
A—
@a=| 5 Y7
SOLUTION: The characteristic equation is
N—4=0 = AX=2 -2

For A = 2, the system (A — AI)v = 0 reduces to

—o 4+ V30, =0 = = Vv = V:|:\/§:|
Vg = Vg 1
For A = —2, taking the second equation, we get
VT = U

1
\/§U1+U2—O = Uy :_\/gvl = V_l_ﬁ:|

32 2
fHA=| 1 4 1
—2 —4 —1

SOLUTION: This one is a little harder to do (only do it if you've
had Math 300). However, you should find that the characteristic
equation actually factors to:

A=—1DA=2)A=3)=0

For A =1, v =[-1,0,1]T. For A = 2, we get v = [-2,1,0]" and
for A\ =3, v=10,—-1,1]7.

4. For each system below, find y as a function of x by first writing the
differential equation as dy/dz.

(a)

=2 N @__i
y =y de 2z
1 1 1 1 A
—dy=—--—d = 1 =—_1 C = = —
T n |yl 5 2] + N
(b)
¥ =y+ 2y N @: x?
y =’ de  y(1+ a3)
a? Ly 3



¥ =—(22+3) N dy — —2(y—1)

y =2y—2 de  2x+3
1
——dy = d = Inly—1/=1 c =
y—17 "2 13™ nly =1l n(2$+3)+
-4
y_2x+3
@ | )
r =-=2y y_ oz _
Yy =2 = iy = ydy=—xdx
L, L 5 2, 2

5. For each given \ and v, find an expression for the vector: Im(e*v):

(a) A=3i,v=[1—1i2]"
SOLUTION: This one we’ll do in detail, the next one is similar:

(cos(3t)+isin(31)) [ 1 —.@' } _ { (cos(3t) — sin(3t)) + i(sin(3t) — cos(3t))

2i —2sin(3t) + (2 cos(3t))
Therefore, the imaginary part is:

Im(eMv) = { Sm(ztzog(g?;@t) ]

b) A=1+1i,v=[i,2"

SOLUTION: ( )
Ao ¢ | cos(t

6. Give the general solution to each system x’ = Ax using eigenvalues and
eigenvectors, and sketch a phase plane (solutions in the z1, x5 plane).
Identify the origin as a sink, source or saddle:

wa=[17

SOLUTION:
Cle*“ |: _i 1 + Cge6t [ } :|

The origin is a saddle (the two eigenvalues are opposite in sign).



7 2
(b) A= { —4 1 ]
SOLUTION:
Cle3t |: _; 1 +Cg€5t |i _1 :|

The origin is a source since both eigenvalues are positive.

—6 10
(c) A= { —2 3}
SOLUTION:

| 2 _ 5
Clet|:1:|+02€‘ 2t|:2:|

The origin is a sink since both eigenvalues are negative.

(d) 4= { —12 —1613}

SOLUTION:
4| 2 _ -3

And the origin is again a sink.



