Poincare Classification HW Solutions
1. Use Poincare Classification to classify the origin in each case:

Tr(A) =4

(a) i _;’ 1 det(A) =4 Degenerate Source
L A=42—-4.4=0
[ —1/2 1] btdy=—1o
(b) 21 —1)2 det(A) =5/4 Spiral Sink
: A=—-4<0
R Tr(A) = =5/4
det(A) =1/4 Sink

(c) 0 —1/4] A =(25-16)/16 >0

3 o Tr(A) =2
(d) i 1 ] det(A) =5 Spiral Source
: A=-16<0
2. For each matrix, find how the classification of the origin changes with «:
o _
- +
2 —+ - + j
a —1 TI‘(A):O[ oA § + - -, +
() det(A) =2 D E Y
2 0 2 § © r iy 1
A=ao*—38 gpiecd $oiec Seuree
Grnie T Srni Sovre P
A
(,Zu‘ Cent Sovne
o
— N .
Te(A) L t T
r = ol T3t ot + - +
) | ¢ Y| det(A) = —a A
A =a’ +4a f , Seddc
o | O 1
zfe‘[ Ui ;
$an M‘sﬁm
2 \
A ;o i i
- Tr(A) = 20 2 S P
<>[ ] det(A) = o — a IR
A = 40( pivet T e t | (o
§rn ke bk o
Unif Uug
Mebin Fr'indel
"



3. See the figures below.

4. (a)

(b)

()

(Typo- Should be the same matrix as 1(d))

[3 —2] Tx(A) =2 A=1+2i SOV_[ 1]
“l1-i

det(A) = 5 _ o
4 1] o g\ i5_g B-(1+2))n—-20,=0

Now compute eMy = el1+20)t [ ] 1 1, and we get:

cos(2t)

x(t) = ¢ (Cl l cos(2t) + sin(2t) ] e l —cos(zi;(?: >Sin(2t> D

Tr(A) =0

., ] det(A) = —1 with x(t) = Cye! [ | ] + Cret l ; ]
L N —-1=0
0 9 Tr(A) =0 1 1
det(A) = —4 with x(t) = Cie™™ + Cye?
20 T 1 1

Figures for Problem 4:

A=2




Homework solutions: 5-11 odd, 9.3

5. The critical points (equilibria) are found by first setting the first equation to zero, then
go through each case for the second equation. In this case, if + = —2 in Equation 1,
then y = 2 in the second. If = y in the first case, then either x = 4 or x = 0 in the
second. This gives us the following equilibria:

(0,0), (4,0), and (—2,2)

The Jacobian matrix is:
—2-2x+y 24z
4—y—2r 4—x

At each of the equilibria (same order as above):

Tr(A) =2 Tr(A) = —6 Tr(A) =10
-2 2 —6 6 4 0
det(A) = —16 [ ] det(A) =48 [ ] det(A) =24
l 44] A>0 -8 0 A <0 60 A>0

In order then, these are: Saddle, Spiral Sink, Source.

7. The equilibria are (—1,1) and (1,1). The Jacobian matrix is given by the following,
with linearizations to follow (in the same order as above):

P B A R ey

You should find that at (—1,1), we have a saddle, and at (1,1) we have a spiral sink.
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In this case, we have 4 equilibria:

9.
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(0,0),(2,1),

The Jacobian matrix is given by:
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Evaluating at the four equilbria give, in order:

0
-1

You should find that these represent (in order),

so this one should be done on a

)

7

Sorry about this one- The equilibria are not “nice
computer/calculator.

11.



