Exercise Set for Complex Eigenvalues

1 (a) [Z :ﬂ

SOLUTION: Tr(A) = 2,det(A) = —3 4+ 8 = 5, so the characteristic equation is
A2 — 2\ +5 = 0. Solving for A\, we get A = 1 & 2i.
Using A = 14 2i, solve the system of equations (we only need the first equation):

(a— )\)"Ul +b'l/2 =0

. 2 1
cor 4 (d— vy =0 = (2-20)r1—2v,=0 = V—[ ] or [ 1

2—2 1—1

The solution to the DE is found by first computing e*v:

1201 [ . 1 = o (cos(21) + isin(21) [ - ] B

: [ cos(2t) + isin(2t) ]
(cos(2t) + sin(2t)) + i(— cos(2t) 4 sin(2t))

From this, the solution is
x(t) = Cireal(eMv) + Cyimag(e*v)

x(t) = ¢ [Cl l cos(z(;(;sfzi)n(zo ] +C l - cos(zi;(?: >Sin(2t) H

The origin in this case is a “spiral source”. We should find that the rotation is

CCW.
2 =5
N
SOLUTION: Tr(A) = 0,det(A) = 1, so the characteristic equation is A> +1 = 0,

SO A = *i.
Using A = 4, solve the system of equations (we only need the first equation):

(@a—Nvy+bvy =0

cvr+(d—Nvy =0

= (2—i)01—5U2:0 = V:[2EZ]

The solution to the DE is found by first computing e v:

ot [ 25 ] — (cos(t) + i sin(t)) [ 25 ] _

—1 —1

[ 5 cos(t) + 5 sin(t) ]
(2 cos(t) + sin(t)) + i(— cos(t) + 2sin(t))



From this, the solution is
x(t) = Cireal(eMv) + Cyimag(e*v)

X(t):q[ 5 cos(1) ] +02[ 5sin(2¢)

2 cos(t) + sin(t) — cos(t) + 2sin(t)

Because there is no real exponential function, the origin will be a “center” (solu-
tions are periodic), and the rotation is CCW.

(Oops! Same as (a))

Given A = —1+2¢, and v = [ 1 ; ! 1, the solution is

x(t) = Cireal(eMv) + Cyimag(e*v)

T2 [ L ] — ! (cos(2t) + isin(2¢)) [ ! ] -
_¢ | (cos(2t) + sin(2t)) + i(— cos(2t) + sin(2t)
¢ [ 2 cos(2t) + 02 sin(2t) ]

Therefore,

(6 = [ 0. l cos(gw?O:( ;ir)l(%) ] Lo l —coséZSti])a (zts)in(%) H

The origin is a spiral sink.

AI_Q,BWithUI:[1]7U2:[ 11

The solution is:

The origin is a saddle.

)\——1,—3Withv1—[_;]71)2—[_?]

The solution is:
X(t) = Cle*t [ _é 1 + Cgeigt [ _? ‘|

The origin is a sink.



(d) Given A =1+ 3i, and v = [ 1 iz ], the solution is

x(t) = Cyreal(eMv) + Cyimag(e*v)

. cos(3t) + isin(3t)
(cos(3t) + sin(3t)) + i(— cos(3t) + sin(3t)

Therefore,

w0t 6 0] o]

The origin is a spiral source.

141

(e) Given A =2, and v = [ 1

1, the solution is

x(t) = Cireal(eMv) + Cyimag(e*v)

1

it l L ] — (cos(2t) + i sin(21)) l t ] -

[ (cos(2t) — sin(2t)) + i(cos(2t) + sin(2t) ]
cos(2t) + isin(2t)

Therefore,

) — O, l Cos(zz())s?zii)n(%) ] o [ coS(2;fi)nq(L2ii)n(2t) ]

The origin is a center.



