Practice Sheet: Complex Functions in Differential Equations

1. Solve for A:
(a) N2 —6XA+13=0

+ — A1 V= j
W6 \/362 (D)(3) _6£V-16 _6£4i _,_ .

2 2
(b) 2A3 — 8% + 12\ — 8 = 0 (Hint: One solution is A = 2). Use long division to get:
20% —8AT 120 =8 =2(A = 2)(A\2 =21 +2) =0
Use the quadratic formula on the last expression: A = 2,1 +1.
(¢) A+ A2 4+ 4\ +4 =0 (Hint: Try to factor in groups)
NA+FD+H40+1D)=A+1D)(N\2+4) =0

so that A = —1, 423

(d) A* —18)2% + 81 = 0 In this case, we can use the quadratic formula (or factoring directly) to solve
for \2:
AN =-92=0=)1=3,3,-3,-3

2. Simplify each of the following to the form a + bi:

a) (345i)(2—3i)=21+i
) (3—2i)3—2i =13
¢) |—2+i =5
) 2=14)/(143i) = —15 — 15
) (144)273 = (1 +4)%(1 +4)3 = 2i(1 +4)% and
(14 4)% = i+ — o3i(V2+in/4) _ —3m/4+3V2i _ ,—3m/4 (cos(3\@) T isin(3\/§)>
Put the pieces together, and:

—2e 734 5in(3v/2) 4 i - 2734 cos(3v/2)

(1) n (=3 +%%)

Note that the angle corresponding to (—1/2,v/3/2) is given by m — n/3 = 27/3 (the point is in
the second quadrant). Therefore,

1 \/g 27 27
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(g) e?Tle™3 = 272 = ¢% (cos(2) — isin(2))

(h) In(—=5) = In(5) + iw

(i) e™™ = cos(—n) + isin(—m) = cos(w) — isin(7) =1
3. Write each complex number in its polar form:

(a) 1—+/3i R=+/1+3 =2, and @ is in the 4th quadrant. From the 1 — 2 — /3 triangle, we see that
0=—-%.

3
1 —V/3i = 2e7/3 op 2¢157/3

(b) 3 The positive real numbers are already in polar form! R = 3,6 = 0.



(¢) —5 — 3i (Use a calculator for 6)

Using the tangent, tan—!(3/5) a2 0.5404. Note that this angle is in the first quadrant rather than
the fourth. Therefore, § = w4 0.5404 ~ 3.682 R = /25 + 9 = /34, so

—5 — 3i &~ /3436821
(d) = e?ﬂr/?i or effr/Qi

4. Show, using Euler’s Formula and treating ¢ as a constant, that:

% (e(a+ﬁi)t) — (o + Bi)eletat

Doing this the long way and using the product rule:

d

p (" (cos(B) + isin(B1)) =

ae® (cos(Bt) +isin(Bt)) + e (—Bsin(Bt) + iB cos(Bt)) =
ae® (cos(Bt) + isin(Bt)) + Bie* (cos(Bt) + isin(Bt)) = (a + Bi)e™ (cos(Bt) + isin(Bt))
which gives us our result.

5. Verify our in-class remarks that, if y = Cpe(®P)t 4 Chel@=FDt and y(0) = 1, y'(0) = a, then
y = e“ cos(Bt). We get the two equations:

y(O):l = 1=0C1+Cs 1-Cy =0,

and
y'(0) =« = a=(a+ Pi)C + (a— pi)Cy

Putting these together,

a=(a+B)Ci+(a—B)1-C1) = a=(+B)Ci+a-pBi—(a—p)C; =

1
Biz(a—i—ﬁi—a—i—ﬂi)Cl 0125702:*

Now,

1 ) 1 ) 1
ie(“+6’)t + ie(a—ﬁz)t = ie“t (cos(Bt) + isin(Bt) + cos(Bt) — isin(Bt)) = e** cos(Bt)

6. Similarly, verify that, if y = Cye(*+FDt 4 Chel@=FDt and y(0) = 0, 3/ (0) = B, then y = e** sin(5t). We
get the two equations:

y(O)ZO = 0=C1+Cy —C1=0Cy
and
y0)=8 = B=(a+pi)C1+ (a—pi)Cs
Putting these together,
i

B=(a+Bi)Ci+(@-Pi)-C) = B=(a+fi-atfi)Cy =SC=g=—1

Now,

%Ze(awi)t + %e(a—ﬁi)t _ %eat (—efit 4 o=Pit) =

%e”‘t (— cos(Bt) — isin(Bt) + i cos(Bt) — isin(Bt)) = e* sin(Ft)



