Solve ay” + by’ + cy = 0.
» b>—4ac >0
y(t) = Get + Goe™*

» b2 —4ac <0, with r =a + §i

y(t) = CiRe(e™) + Glm(e™) = e**(Cy cos(St) + Gy sin(St))

> b2 —4ac=0

y(t) = Cie™ + Gote™ = e (Cy + Got)

Today: How to solve ay” + by’ + cy = f(t)
D



The solution to

ay" +by +cy=00rLy)=0 = yp(t)

The solution to

ay’ +by' +cy=g(t)or Lly) =g(t) = ()



» To solve L(y) = g(t), the full general solution will be
y(t) = yn(t) + yp(t).

L(yn(t) + yp(t)) = L(yn) + L(yp) = 0 + &(t) = &(t)

» Constants (to solve the IVP) will be in yp:

L(cyn) = cL(yn) =0 L(cyp) = cL(yp) = cg(t) # &(t)



A bit more theory

We solve:

L(y) = &1(t) + &(t) + g3(t) + - - - gn(t)

by breaking it up into n different smaller problems:

Ly)=0, Lly)=gl(t) Lly)=gl(t) - Lly)=egn(t)

So the overall solution will be:

y(8) = yn(t) + ypu () + - + yp, (1)



y' —y=t

> yp(t): 2 —1=0= y(t) = CGe=t + Gel.
» Observation:

The derivative(s) of a polynomial is a polynomial.
Guess yp(t) = At + B, and determine A, B.

yp:At—l—B,y,'J:A,yg:O = 0-—(At+B)=t

Therefore, A= —1 and B = 0.
Overall:
y(t) = yn(t) +yp(t) = Gle™" + Ge' — ¢



Nice f(t)

Some classes of the forcing function are particularly nice because
the derivative of:

» Pp(t) is another polynomial (deg n — 1).

> Pp(t)e is p,(t)et

> P,(t)sin(St) or P,(t)cos(5t) is

pn(t)sin(Bt) and p,(t) cos(St)

> P,(t)e* sin(St) or P,(t)e*t cos(Bt) is

pn(t)e*tsin(8t) and pp(t)e®t cos(5t)



The Method of Undetermined Coefficients

See this for g(t) Guess this for y,(t)

2+t At? + Bt + C

e3t Ae3t

sin(3t) Acos(3t) + Bsin(3t)

tet (At + B)e?t

tsin(3t) (At 4 B)sin(3t) + (Ct + D) cos(3t)
te"tsin(t) + e tcos(t) | e t((At + B)sin(t) + (Ct + D) cos(t))

There is one more thing to keep in mind, but we'll wait on that.



Solve y” + 3y’ +2y = et + t2 + 2.
» r2+3r+2=0 gives yu(t) = Gle 2t + Ge ™t
> y" + 3y +2y = et by guessing y, = Ae':

1
Ael +3Aet + 24t =ef = A:6
> v +3y +2y =t2+2 by y, = at> + bt + c.
2a+3(2at + b) +2(at? + bt +¢c) = t? + 2

t2: 2a=1 =a=1/2
t: 6a+2b=0 = b=-3/2
const: 2a+3b+2c=2 =c=11/4
1 1 3 11
_ a2t —t, te tp 20 4L
y(t) = Ge " + Ge +6e +2t 2t—|—4



Solve y" + 3y’ +2y =e "
SOLUTION: Guess yp, = Ae™ !, y/ = —Ae ™!, y/ = Ae ™t

p:

Ae ! —3Ae t+2et=¢t

0=et



Solve y"" + 3y’ +2y = et

To fix this, multiply your guess by t:
yp = Ate™t y,', =Ae ! — Ate”! y,’,’ = —2Ae ' + Ate t
The differential equation:

e T[(—2A+ At) + 3(A— At) +2At]=e T = A=1

y(t) = Ge ' + Ge F + e



The Full Method

To solve ay” + by’ + cy = gi(t),

If gi(t)is : | The ansatz for y,, :

P,(t) t5(apt" 4 ...+ axt® + art + ap)

P,(t)e*t t5e(ant" + ... + axt? + art + ap)

Pa(t)ect sin(5t) t5e®t[cos(Bt)(ant™ + ... + axt? + art + ag)+
" cos(3t) sin(Bt)(bnt" + ... + bat? + byt + bp)]

where s is chosen so that no part of yp, is part of the homogeneous
solution.
Substitute y,, into the DE and solve for the coefficients.



> y" — 3y — 4y =3e? (r =4,-1)
SOLUTION: y, = Ae?
> y" — 3y’ —4y =cos(t) (r = 4,-1).
SOLUTION: y, = Acos(t) + Bsin(t)
> y" — 3y — 4y = 6telsin(2t) (r=4,-1)
SOLUTION: y, = e((At + B) cos(2t) + (Ct + D)sin(2t))



>y —y —2y =3t% r=-1,2,
SOLUTION: y, = At? + Bt + C.
>y —y 2y =e?t r=-1,2
SOLUTION: y, = (Ae?!)t = Ate*
>y —y =2y =tet r=-1,2.
SOLUTION: y, = t(At + B)e™t = (At? + Bt)et.



> vy — 4y L4y =te?t: r=2,2.
SOLUTION: Initial y, = (At + B)e?t.
Multiply by t: y, = t(At + B)e?t.
Multiply by t: y, = t?(At + B)e?t

> y'—y' =3t+5: r=0,1
SOLUTION: Initial y, = (At + B)
Multiply by t: y, = t(At + B).

> vy +2y' +y=tesin(2t). r=-1,-1.
SOLUTION:

yp = e' [(At + B)sin(2t) + (Ct + D) cos(2t)]



> y" + 4y = t?sin(2t) + (6t + 7) cos(2t) (r = £2i)

¥p = (At? + Bt + C)sin(2t) + (Dt* + Et + F) cos(2t)

Multiply by t:
yp = t(At? + Bt + C)sin(2t) + t(Dt? + Et + F) cos(2t)

> y" + 2y’ + 5y =3te tcos(2t) (r = —1=+2i)

yp =€ " (At + B)cos(2t) +e " (Ct + D)sin(2t)

But, we need to multiply through by t.

yp = te” '[(At + B) cos(2t) + (Ct + D)sin(2t)]



