A New Class of Vector Spaces: Z}

1. We define Zj, as the set of nonnegative integers from 0 to k — 1. For example, Zo; =
{0,1}.

2. We can make Z; into a vector space by defining addition and scalar multiplication
(with scalars from Zj) by:

e Addition: If a+b = ¢, the result is the remainder after division by k. For example,
in Zo, 14+1 = 2 which has a zero remainder after division by 2. Therefore, 141 = 0.
Another example: What is 3+ 5 in Z;? Since 3+ 5 = 8, and division by 7 gives a
remainder of 1, then 34+ 5 =1 in Z;. Another way to say this: 34+ 5 =1 mod 7
Try these examples': What is 4 + 1 mod 67 What is 4 + 5 mod 77

e Scalar multiplication proceeds in the same way?. Try these: What is 3 -4 mod 57
What is 2 - 3 mod 47 What is 2 - 2 mod 37

3. We define Z} as an n—tuple of numbers (usually a column of n numbers), where the
values are taken from Z;.

4. We looked at matrices with columns coming from Zj*. For example, we could consider
the following matrix with columns in Z3 (the rows are in Z3)

10 0 1
A=101 1 0
1 100
Find a basis for the column space of A:
Row reduction would proceed as usual, with “mod 2" arithmetic and scalar multipli-
cation:

1 001 1001 1 001 1 001
011 o0][™E™lo11o0|™="0o110]|™2"™0101
1 100 01 01 0011 0011
So the basis for the column space:
1 0 0
ol,l1],]1
1 1 0

In fact, we could list all elements of the column space. This would be all possible
linear combinations of these 3 columns using weights of either 0, 1. (There would be 8
elements in the column space).

Using the same matrix, let’s find a basis for the nullspace. We already have the RREF
of A, so write out the equations:

Tr1 = —X4 —1 1
To = —T4 N -1 mo:d 2 ) 1
T3 = —T4 —1 1
Ty — T4 1 1

In this example, there are only two vectors in the nullspace.

! Answers: 5, 2
2Answers: 2, 2, 1



5. Try this using mod 7 arithmetic: Find the RREF of A mod 7. The answer is given,
but be sure you can do it, too! To assist us, the multiplication and addition tables are

below:

To get you started, first create a leading “1” by
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ultiplying row 1 by 5.
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The columnspace is now straightforward. To find the nullspace, note that in mod 7
arithmetic, “—1” is 6, “—5" is 2, and “—6" is 1.

Try another matrix mod 7 on your own! You can check your answer using Maple- For the
previous example, here are the Maple commands:

with(linalg):
A:=matrix(3,3,[[3,2,5,1]1,[3,1,6,2]1,[0,1,2,31]1);
Gausselim(A)mod 7

Gaussjord(A)mod 7



