n a basig

ariables,
or Nul 4
for each
variables
nce.

X =0,

er. Here

ore than

hen T is

binR

[ a—4b—2¢ ]
2a + 5b — 4¢ .
5. —a+2% ta,b,cinR

| —3a+7b + 6¢ |
[ 3a+6b—c ]
6a —2b —2¢c

64| —9a+5p+3¢c | % brcinR

| —3a+b+c |
7. {(a,b,0):a—3b+c=0,b—2c=0,2b ~c=0}
8. {(a,b,c,d):a—3b+c=0}

9. Find the dimension of the subspace of all vectors in R® whose
first and third entries are equal.

10. Find the dimension of the subspace H of R? spanned by
2 —4 -3
=5’ 10| 6]

InExercises 11 and 12, find the dimensjon of the subspace spanned
by the given vectors.

1 3 9 =7
. |0, {1, 4},|-3
2 1 -2 1
1 -3 -8 -3
12. |24, 4/, 61, 0
0 1 5 7

Determine the dimensions of Nul A and Col A for the matrices
shown in Exercises 13-18.

(1T -6 9 0 -2
0 1 2 -4 5
BoA=1g 0 o0 5 1
0 0 0 0 o0
(1 3 -4 2 -1 6
0 0 1 -3 7 0
WA=l 0 0 1 4 -3
0 0 0 0 0 o
1 0 9 5
IS‘A“_O 0 1 —4]
[ 3 4
16.A_-_6 10}
1 -1 o0 1 4 -1
17.4=|0 4 7 18. A=]0 7 0
0 0 5 0 0 o

In Exercises 19 and 20, V is a vector space Mark each statement
True or False. Justify each answer.

4.5  The Dimension of a Vector Space 261

19. a. The number of pivot columns of a matrix equals the di-
mension of its column space.

=

A plane in R? is a two-dimensional subspace of R.
¢. The dimension of the vector space P, is 4.

A

Ifdim V = n and § is a linearly independent setin V, then
S is a basis for V.

e. Ifaset{vy,...,v,}spansafinite-dimensional vector space
V and if T is a set of more than p vectors in V, then T is
linearly dependent.

20. a. R?is a two-dimensional subspace of R3.

A(/tf'bb-l The number of variables in the equation Ax = 0 equals the

dimension of Nul A.

¢. A vector space is infinite-dimensional if it is spanned by
an infinite set.

d. IfdimV = n and if S spans V, then S is a basis for V.
e. The only three-dimensional subspace of R? is R? itself.

21. The first four Hermite polynomials are 1, 2¢, —2 + 4¢2, and
—12¢ + 81>, These polynomials arise naturally in the study
of certain important differential equations in mathematical
physics.? Show that the first four Hermite polynomials form
a basis of 5. '

22. The first four Laguerre polynomials are 1, 1 — ¢, 2 — 4t + 12,
and 6 — 187 + 9¢2 — 3. Show that these polynomials form a
basis of IPs. ‘

23. Let Bbe the basis of P; consisting of the Hermite polynomials
in Exercise 21, and let p(t) =7 — 121 — 8¢% + 12¢°. Find the
coordinate vector of p relative to B.

24. Let B be the basis of P, consisting of the first three Laguerre
polynomials listed in Exercise 22, and let p(¢) = 7 — 8¢ + 3¢%.
Find the coordinate vector of p relative to B.

25. Let S be a subset of an n-dimensional vector space V, and sup-
pose S contains fewer than n vectors. Explain why S cannot
span V.

26. Let H be an n-dimensional subspace of an n—dimeﬁsional vec-
tor space V. Show that H = V.

27, Explain why the space P of all polynomials is an infinite-
dimensional space.

2See Introduction to Functional Analysis, 2d ed., by A. E. Taylor and
David C. Lay (New York: John Wiley & Sons, 1980), pp. 92-93. Other
sets of polynomials are discussed there, too.
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