Misc Exercises from Chapter 4

4.21

4.24

4.25

Prove var(aX + b) = a%c?
To keep our rvs straight, let Y = aX +b. Then we want to show that

O'%/ = GQU§<

First, compute the mean, uy:
py = E(@X +b)=aE(X)+b=aux +b

Now,
Y = py =aX +b—(apx +b) = a(X — px)

Therefore,
E((Y = uy)?) = E((a(X — px))?) = a®E((X — ux)?)
which is another way to say that:

o3 =a*o%

Let f(z) = 2273 for © > 1 (zero elsewhere). Compute the mean and
variance, if they exist:

MZ/OO xf(x)dsz/loox_de: 2

oo T

w:o-(-z):z

As in class, rather than computing o? directly, compute the second mo-
ment about the origin, F(X?), then use the theorem:

So,

B(X?) = 2/00 %dx = 2In(z)

and the limit does not exist as © — oo. Therefore, the variance will not
exist (but you probably anticipated that, since the original function was

2/x37?)

Show that formula in the book holds. HINT: Try doing the second part
first- Find formulas for ps and pg before looking for the general case:

ps = E((X - p)*)
Expand this using the binomial theorem:
B(X? -3X%u+3Xu? — 1) = BE(X?) = 3E(X )+ 3E(X)u? — 1

The straight binomial pattern is changed because F(X) = u, which sim-
plifies to:

ps = iy — 3pipp+ 3p® — p = ply — Bppp + 244

Similarly, for p}, expand E((X — u)*) (the line from Pascal’s triangle is
1,4,6,4,1):
E(X* —4X3u+6X%u2 —4X P + pt) =

py — A+ Gphp® — 4pt + pt = ply — A+ Gpnp® — 3t



4.29

4.34

And the general pattern is to expand (X — u)" out using the binomial
theorem, then use the linearity of E, then combine the last two terms in

the sum:
X (D) xrt e+ (5) 2w

st (1) ()

The (—p)® term gives us the (—1)* term from the formula in the text, and
taking the expected value of the sum of the last two terms should finish
us up:

(7)) xCw =+ (D)) =t s carw

Factor to get: (—1)"~1u" (r — 1), which is the last term of the formula in
the text.

Prove Markov’s Inequality: Let X be a nonnegative rv. Then for every

given number k > 0,

P(??M)S%

We will prove this in the case of a discrete distribution, and you’ll see how
it works. Given k > 0, we can write:

E(X)=) fla)=> af(x)+ Y af(x) > zf(x)

z<k x>k z>k
Note that to get that last inequality, we had to assume that X has only
nonnegative values!

Now, by replacing each of those x’s in the last sum by the constant k
(notice that k is smaller than all the a’s), we get a sum that is smaller,

E(X)>Y af(x) > kf(x) =kP(X > k)

z>k x>k

Same issue as 4.33 (find the mgf), but with: f(z) =1 for 0 < x < 1, zero
elsewhere.

1
et —1

t

1
1

M(t)=E@EX)= [ edr= —e"
0 t

0
We notice that the first two derivatives are:

t—1)+1

el( el(t? —2t+2)—2
M'(t) = 2

t3

M//(t) —
The derivatives do not exist at ¢t = 0, which gives us a bit of a mystery.
There are two alternatives for dealing with it:

e Use I'Hospital’s rule, to take the limit as ¢ — 0:

tet b ot 1
limM’(t) :hmw ——

t—0 t—0 2t 2
2t — 2)et + et (t2 — 2t + 2 |
lim M”(#) = Tim (L= 2 F e 2 &L
t—0 t—0 3t2 t—0 3 3



e Use a Maclaurin series of e’ and pull off the necessary coefficients.
Begin with the exponential,

1 1
t 2 3
=1+t+ =t —1
e +t+ 5 + 30 +
Subtract 1, then divide by t:

1 1
el —l=t+-t>+=t34.-.

2 3!
L VL ¥
t 2 3
Think of this as if it were the Maclaurin series for a given function.

Then 1 MI0) 1
_ 1y — - _
MO)=1  M(0)= =

so that pf = 1 and ph = 3, just as before.

Now we can easily compute the variance,

4.37 Given the pdf f(z) = %e_‘% find its mgf (form given in the problem):

1 o0
M) = B¥) =5 [ el -

Split the integral:

1 /0 1 [ 1 /0 1 [
7/ ete® dm—l—f/ ee T dx = 7/ etz d:v—i-f/ =1 o —
2 2 Jo 2/ 2 o

—0o0 o0

Taking these limits bit by bit (this is where we need to be careful):

0
1 1 1 1 (t+1)A
g =—-|——— lim ¢

e 2\t4+1 ASTee t+1

2\t+1
This limit exists when t+1 > 0 (since A is negative). Therefore, if t > —1,
then this part of the integral becomes 1/(2(¢ + 1)).

Similarly, the positive x—axis gives:

1 1 oo (t—1)A
L L eve| _ 1y, ¢ _ 1
2\t—-1 0 2 \A—o0 t—1 t—1
This limit will exist when t —1 < 0, or when ¢ < 1. In that case, this part

of the integral gives —1/(2(¢t — 1)).
Put it together to get the text’s suggestion. If —1 < ¢t < 1, then

1 1 1

M(t)ZQ(t—i—l) T2t-1) 1-#

4.38 We want to find the variance (so also the mean) to the previous problem
by using the mgf. In the first technique, get the Maclaurin series and read
off the coefficients. In the second, use derivatives directly.
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4.40

The series can be found by first taking the series for 1/(1—t). Notice that
this is the sum of a geometric series:

1 o0
e =l 4t = tm
et R R Eﬂ

substitute ¢2 for ¢ to get our series:

1
1—¢2

M//
:1+ﬁ%¢‘+ﬁ+~~:Aﬂm+ﬁfmﬁ+47;3ﬁ+'~

(Note the typo in the solutions manual for the power series) so M'(0) =
pu =0 and muy, = E(X?) = M”(0) = 2. Since the mean is zero, this is
also the variance.

To use the derivative “technique”,

from which we get the same numbers.

Prove Theorem 4.10, or we’ll prove the more general case (Part 3). That
is, let X beanrv, Y =aX +b. Then

My (t) = E(eYt) = E(e(aX+b)t) _ E(eX(at)ebt)

Now, e’ is constant with respect to the expected value operator (either

an integral or a sum in z), so it factors out, and we're done:

E(eX(at)ebt) _ eth(eX(at)) _ ethX(at)

Notice that we already know what multiplying by a constant and a shift
does to the mean and variance. Does this result reflect those changes?
Let’s compute the mean and variance of Y using the mgf by computing
the derivatives (then evaluate at ¢ = 0):

M, (t) = beb Mx (at) 4 e** MY (at) - a
My (0) = bMx (0) + aM%(0) =b-1+aux = apx +b

Similarly, for the second derivative:
My (0) = b° + 2abp, + a®
Use the previous formula to solve this problem. The mgf is:
Mx(t) = o3t+8t?

and Z = §(Z —3) =
2
_Mé@)eW4UwX(i>e¥e“5”8@J — o3t
The series expansion is:

14 (L)L %23+
2 2\ 2

Therefore, u = 0 and 02 = 1 (since p = 0).



4.44 Compute the covariance of the pdf in Exercise 3.74. That is, f(z,y) =
(1/4)(2x +y), for 0 <z < 1,0 < y < 2, zero elsewhere.

We might compute the marginal distributions first:

2
1 1
=—-(4z+2-0)=x+ =

f()—1/22+d—12 .
ENCAREY A e I L 2

2

1t 1, 11 1
flo) = [ 2etyde= 3@ +orl = J+1-0) = {6+ D)

Now, respective means:

1 1
1 1 1 7
] /Ox(:zc—i—/)x /Ox—l—zxac 3+4 B

1 2

2 L1, 1,
by =7 Oy(y+1)dy:1 FAREY.

o 6

We also need E(XY):

E(XY):Z . xy(2x +y) dydx = ; §x+x dng

Therefore,

77 1
Oy = BE(XY) — pippty = 9°% =

126

Wl o

4.47 The joint mgf for n rvs Xq,..., X, is
E(exp (thl + ...+ tan))

0
I ( Z exp(tlxl+...+tnxn)f(x1,...,xn)> =

J

yeesTm

ST el mtetn) flay )

T1yeensTn

= Z zif(z1,...,2n)

t1=0,...,t,=0 LlyeeyTm

And this is E(X;). Similarly, the second partial derivative will give an
z;x; in front of the pdf in the sum (or integral).

The joint pdf e™*7¥ for x > 0,y > 0, and zero elsewhere. The mgf is :

/Oo /Oo etz ttayo—T—y .. dy = /Oo e~ 1=tz g /OO e~ (1—t2)y dy =
0 0 0 0

/OQ —(—t1)a L _a—t)z]™ -1
e V¥de =——e€ B =
0 1-— tl 0 1-— tl
Convergence: Depends on t; < 1.
Overall, the mgf is:
1 oM 1

May(hote) = 35504 o6 (—h)2(0—t)

Now compute the moments:



oM 1
(a) pe = B(X) = 371(0’0) T (T 0)2(1 1) 0,0 -
oM
O sty =E00) =5, 00 = 5@ =, !
92M !
) B = 50060 = T e,

(d) 02y = E(XY) — pgpty =1 —1 =0 (Or, observe that X and Y are
independent, but we wanted to do out the computations this time).

4.48 1If X1, X5, X3 are independent, and have means and vars given in the table,
find the mean and variance of Y and Z below.

| X1 X2 Xs

w4 9 3
21 3 7 5

[ ] Y:2X1—3X2—|—4X3
Ly =E(Y) =2z, —3tg, + 41z, =8—-27+12= -7

In this exercise, assume independence, so that E((X; — pg,)(X; —
fiz;)) = 0

o) =2%07 +(-3)%02, +4%03, =4-34+9-74+16-5=155

o 7/ =X1+2X5,— X3
Pz = Py + 2pzy — plzg =4+ 18 =3 =19
02=3+4-T+5=36

4.49 Same as above, but drop the assumption of independence and let the
covariances be:
0'12:1 023:—2 0'13:—3

Let X'j = X — piz;- Then

o2 = B((2X1 — 3X2 + 4X3)?)

Multiply this out algebraically (leaving off the hats):

2X2 _ 6X;Xy + 8X1X3 +

32X2 — 6X1X» - 12X, X5

42X§ +  8Xi1X3 — 12X, X3
155 — 12-1 + 16-(-3) — 24.(-2)=143

Note that we see 2a;a;X;X; for each mixed term. If
Z =X +2X,— X3
then we will have:

364+2-2-1+2- (1)(=1)(=3) +2- (2)(~1)(—2) = 54
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4.57

Prove Theorem 4.15: Given Xi,...,X,, rvs, and Y7, Y5 are two linear
combinations of the rvs, give the covariance between Y; and Y5.

Assume that Y7 and Y5 have been mean subtracted (this implies that each
of the n rvs have been mean subtracted). Then

Oy = E(Y1Y2) = E((a1 X1 + ... an X)) (01 X7 + ... 0, X))
Every term of this expansion will be of the form:
w2 e
XXy = { (aibj + ajb?)])bgi))%j iz 7£]Z'
B { ajbjor ifj=i
(aibj + ajbi)os, o; ifi#j
Sum all the terms to get the result.

Given three rvs such that:

02 =5 Opa, =3 2,23 indep
27 _ —
= 4 0pizy =2
Oy =7

Q

Find the covariance of Y7, Ys given in the top, bottom lines below resp.:

X,— 2Xo+ 3X5
—2X1+  3Xo+ 4X5
(=2)5+ (4)(3)— 6(-2)
(=6)4+ (3)(3)+  9(0)
(12)7 + 4(-2)+ (—8)(0)

Answer: 75

For the pdf from 3.74, f(z,y) = $(224y), 0 <z < 1,0 < y < 2, and zero
elsewhere, find the conditional mean and variance of y, given x = 1/4.

First, we find the conditional pdf, evaluate at = 1/4, then simply find
the usual mean and variance:

f(z,y)
fi(z)

flylz) =

and the marginal pdf, fi(z) is:

/21(2+)d+1
ity dy=atg

Now,

ily+3) 1
f(y\$=1/4)=43/74 3 5

12, 1 11
Z Zydy = =
3/0y+2yy 9

and the variance from the moment about the origin:

Now the mean:

1 (2 1 16
E(Y2)§/ v gyidy =
0

Therefore,
16 112 23

2 —
Tyle=1/4 = 9 92 81
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4.67

4.69

We'’re computing the expected payoff. We note the uniform probability
for the rolls of the dice, so we’ll get $10.00 one third of the time, and pay
p dollars on the 1, 2, 5 or 6 (or 2/3 of the time):

1 2 104+2p

10- - ==

3773 3
To make the game equitable must mean that our expected payoff is zero,
so p must be -$5.00

Contractor’s profit is f(z) = (r + 1)/18,[-1 < x < 5], zero elsewhere. I
suppose we’re assuming z is something like number of days? We want the
expected value:

5 1 5
/xf(x)dx:— 2% + 2 dx = 3,000
. 18/,

Adams and Smith are betting on repeated flips of a coin. At the start,
Adams has a dollars, Smith has b. At each flip, the loser pays the dollar
and the game continues until either player is “ruined”. Making use of the
fact that an equitable game has an expectation of zero, find the probability
that Adams wins before he loses all of his money.

Let p be the probability that Adams wins Smith’s b dollars before he loses
all his a dollars. Then the expected value would be given by:

pb+(1—p)(=a) =0

from which we see that p = %5
For practice, we’ll do both the standard technique using the definitions of
mean and variance, as well as mgf technique, where f = (1/4)e~*/* for

x> 0.

| oo + || (1/4)e= /4
E(X) = 1/ e T dx — 1| —e /4
0 +10 de—/4

0
Similarly,
+ | 2% | (1/4)e2/4
1 e x — 2./,[; —e_£/4
2y _ & 2 -2
E(X)—4/O xée” 1 dx 42 fo—7/4
-] 0| —16e"/*

Therefore, we have:

—(2® + 8z + 32)e™%/4| =32
0

So that the mean is 4 and the variance is 32 — 42 = 16.

Using the mgf technique for this problem, we would have:

o 0o -
Mx(t) — 1 exte—x/4 dr = 1 e—w(i—t) dr — 1 ] —1 e_w(%_t)
1
0 4 0 4 1 .
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4.77

We see that: 1

Mx(t) =17

Using the geometric series analogy,

Mx(t) =1+ (48) + (46)* + (4¢)* + - -
Therefore, the mean is 4 and p} = E(X?) = 16-2 = 32, which again gives
the variance as 16.
Given pu = 124 with ¢ = 7.5, find the probability that X will be between
64 and 184.

First, convert to a form so we can apply Chebyshev:
64<X <18 = 124-60< X <124460 = |X—pu/<60=2_80c

The probability of this is 1 — 6%1 = %.

Hint: You might first set up pdfs for Z and W separately- Don’t.
That is, when we compute the covariance, we need to have the same
number of values for z and w. Best to write a small table to summarize
your information:

‘ z w Prob
(T,7) |0 0 0.36
(T,H) |0 1 024
(H,LT)|1 1 024
(HyH)|1 2 0.16

Now we can read off the arithmetic operations needed:
ey =0-036+0-0244+1-0244+1-0.16=04

py =0-0364+1-02441-0.244+2-0.16=0.8
And the covariance (by way of E(W Z)):

EWZ)=0-0-036+0-1-024+1-1-024+1-2-0.16 = 0.56

Therefore,
Owz =0.56—0.4-0.8=0.24
Oops! Not assigned, but a nice easy problem...

The inside diameter of a tube is a rv with a mean of 3 inches and a std of
0.02 in. The thickness of the tube is a rv with a mean of 0.3 inches and a
std of 0.0005 inches. The two rvs are independent.

Find the mean and std of the outside diameter of the tube.

SOLUTION: If X is the rv for the inside diameter, and Y is the rv for
the thickness, then let Z be the rv for the outside diameter of the tube,
where we see that (remember, diameters and not radii):

4 =X+2Y

where p; = 3, 0, = 0.02, p, = 0.3 and o, = 0.0005. Also, independence
implies that the covariance is zero.

The mean and variance of Z:
fz = [tz + 2/t = 3.6 inches
02 =02 + 40, = 0.000401

so that the standard deviation is approx. 0.02
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4.79

Let L; be the length of the ith brick, so that p, = 8 and o, = 0.1. Let
M; be the width of the mortar between i and i+1 bricks, pa, = 0.5 and
onm; = 0.003.

Now,
50 49
W=> L+ My = pw=50u,+49uy =424.5 in ~ 354 ft
=1 k=1
and
50 49
ol =Y 0+ Y ot = opy=50-(0.1)> +49(0.03)% = 5441
k=1 k=1
so that oy ~ 0.7376

Extra: Compare this result to that you get if
W = 50L + 49M
(By the way, why don’t we use this as the model? This would imply that

every brick has exactly the same size!)

No change in the mean, but a rather large change in the variance:
o2y = 50%(0.1%) +492(0.03%) = 27.169 oW = 5.211

Where did this come from? In the proof, notice what we said about
cov(X;, X;). If X; and X; are independent rvs, this quantity is zero (like
for this problem). If X; is the SAME as X, then the covariance is not
zero, it is the variance.

If heads is a success when we flip a coin, getting a six is a success when
we roll a die, and getting an ace from an ordinary deck of cards is success,
then find the mean and standard deviation of the total number of successes
when we:

(a) Flip, roll, and draw.

(b) Flip thrice, roll twice and draw once.

Most of this problem is in the construction of the pieces that are needed:
Let X be the event of Heads, Y be 6 on the die, and Z be an ace.

In modelling each distribution, think of using 0 for failure and 1 for success,
as we did in the examples below:

e In the coin flip, let = 0 be failure (getting a Tail), and = 1 be
success (getting a Head). Then P(z = 0) = 5 and P(z = 1) = 3.
Therefore,

1 11
E(XQ):02~7+12-f:§ 0% =

Similarly,

10



e In the roll of the die, let y = 0 be failure (getting anything except
6), and = = 1 be success (getting a 6). Then P(z = 0) = 2 and
P(x =1) = }. Therefore,

5 11
Myzo.é_i'_l.é:f
5 11 1 1 5
EY?)=02-2412.2 == 2 2 _ - _ 2
(¥) 676 6 YT6 3% 36

e In drawing an Ace, let z = 0 be failure (getting anything except
A), and = = 1 be success (getting an A). Then P(z = 0) = 12 and
P(z =1) = 5. Therefore,

12 11
—0-=41.— = —
pz=0-z+l-3=3

12 11
E(Z)=02.224+12. — = — 2 _ - _ —
(2 BT BT %2713 169 169

Now we interpret parts A, B and substitute in the appropriate values:

1 1 12

(a) A flip, roll and draw: W = X +Y + Z. Noting that these events are
independent,

= + + *1+7+i*§*074
bw = px T Khy MZ—4 6 378 U

Independence means we can sum the variances:

1 5 12
2

S22 046 ~ 0.68
W= 1736 T 169 ow

(b) In this case, W = X1 + Xo + X3+ Y1 + Yo + Z, where X is the coin
toss, Y; is the roll of the dice. Notice that this is different than saying

W=3X+2Y+Z2

which implies that we each of the three X’s are the same, etc. (Also
see the note from Problem 4.78) This difference again does not appear
in the mean, but has a significant impact on the standard deviation!

=3 + 2uy + —§+1+i—@
pw = olx wy ,uz—4 3 13- 78
2

ow :a§+a§( —|—0§( —1—032/—&—032/4—0%
(We write it this way to emphasize the difference between this and:
od =3%0% + 2205 + o2

which would be the variance if W = 3X + 2Y + Z). Substitution
gives 1.099 for the variance, 1.05 for the standard deviation.

11



