Motivating Example

Example

max 6x; +5x
st. x1 +x <5
3x1 +2x <12

with x1, xo > 0. Find an upper bound to the maximum.

@ Using constraint 2 (multiply by 3):

6x1 + 5x0 < 9x3 + 6x0 < 36

@ Using constraint 1 (multiply by 6):

6x1 + 5x0 < 6x1 + 6x0 < 30
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Motivating Example

Example

max 6x; +5x
st. x1 +x <5
3x1 +2x <12

with x1, xo > 0. Find an upper bound to the maximum.

We could take a linear combination of the constraints:

x1+x <5
+ 2(3X1 + 2X2) <12.2
7x1+5x <29
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Motivating Example

More generally:

yi(x +x) <by
+y2(3x1 +2x0) <12y
(i +3y2)x1 +(y1 +2y2)x2 < 5y1+ 12y

This gives us The Dual:

min  5y; + 12y»
st. y1+3y,>6
vi+2p2>5

with y1,y2 > 0.
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The Primal and the Dual

We showed that the primal, dual are:

max 6x; +bxp min  5y1 + 12y,
st. x3 +x <5 <— st. y1+3y2,>6
3x1 +2x <12 y1+2y2>5

So what would it be for the “normal” max problem:

maxz = c'x minw= bTy
st Ax<b < st ATy>c
x>0 y=>0

Note: b may have negative values in this construction.
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The Primal and the Dual

maxz = c'x minw= b'y
st Ax<b < st ATy>c
x>0 y>0

Notes:
@ Every primal has a dual.
@ A maximum becomes a minimum (dual of dual is primal).
@ Obj Func Coeffs in primal converted to RHS of constraints in dual.
o

RHS of Constraints in primal converted to Obj Func Coeffs in dual.
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A Detailed Construction

An example with non-"“normal” issues. Find the dual for:

min  8x1 + 5xo + 4x3

s.t. 4xy 4+ 2xp + 8x3 = 12
7x1 4+ 5x0 +6x3 > 9
8x1 + 5x0 + 4x3 < 10
3x1+7x0+9x3 > 7

x1 > 0,x URS,x3 <0

We'll put this system into “normal form™:
@ Change the min to a max.
@ Multiply Constraints 2 and 4 by —1.
@ Change = into inequalities.

@ Find substitutions for x>, x3.
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A Detailed Construction

First three issues:

max —8x1 —bxo —4x3
s.t. 4x;1 +2xp +8x3 <12
—4X1 —2X2 —8X3 S —12
—7x1 —bxp —6x3 < -9
8x1 +5x0 +4x3 <10
—3x1 —Txx —9x3 < -7
x1 > 0,x URS,x3 <0
Last issue: Let xp = x4 — x5 and x3 = —xp (with all these new vars

non-neg)



A Detailed Construction

We now have a “normal” primal:

max —8x1

s.t. 4xq
—4X1

—7x1

8X1

—3X1

X1, X4, X5,X5 > 0

—5X4

+2x4
—2X4
—5X4
+5X4
—7X4

+5X5

—2X5
+2X5
+5X5
—5X5
+7x5

+4xg

—8xs
+8X6
+6x6
— 4X6
+9X6

12
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A Detailed Construction

From which we get the dual.
Let p1,...,ps be the new vars. Using the “normal”
conversion, we get the following for the dual:

minw = 12p; —12p» —9p3 +10ps
st 4pr —4p> —Tps  +8pa

2p1 —2p2 —5p3 +5ps

—2p1 +2p2 +5p3  —5ps

—8p1  +8p> +6p3  —4p4

with P1, P2, P3, P4, P5 >0
@ Constraints 2 and 3 can be combined.

@ Variables p1, po always appear together as p; —

o Multiply constraint 1 by —1 to get a positive b:

primal to dual

—7ps
—3ps
—7ps
+7ps
+9ps

po.

VIV IV IV
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A Detailed Construction

Let ps = p1 — p2. We now have:

minw = 12ps —9p3
—4ps  +7p3
—2ps  +5p3
—8ps  +6p3

with pg URS, and p3, ps, ps > 0.

+10p4
—8p4
—5pa
—4py

—1ps
+3ps
+7ps
+9ps

Since pe and p4 only appear in the constraints with a negative coefficient,

convert them to negative constraints.

Here, we'll convert to x: Let x; = —pg, xo = p3, X3 = —ps and x4 = ps.

October 21, 2015 10 / 24



A Detailed Construction

The dual is (converting to a MAX):

maxz = 12x3 +9xo 4+ 10x3 + 7x4
st. 4xy+7xo+8x3+3x4 <8
2x1 +5x0 +5x3+7x4 =5
8x1 +6x20 +4x3 +9x4 > 4

X1 URS,X2 > 0,X3 < 0,X4 > 0
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A Detailed Construction

Summary of the Conversion:

maxz = 12x; +9x + 10x3 + 7x4
s.t. 4xy +7x 4+ 8x3 +3x4 < 8
2x1 +5x0 4+ 5x3 +7x4 =5
8x1 +6x2+4x3+9x4 > 4

x1 URS, % > 0,x3 <0,x4 >0

minw =

s.t.

8y1 + 5yo + 4y3

4y + 2y, +8y3 =12
Ty1 +5y> +6y3 > 9
8y1 + 5y» +4y; < 10
By1 +7y2+9y3 > 7

Y1 Z Oa.y2 URS,Y3 S 0



Summary:
Primal: Dual:
max min normal
< constraint > 0 variable normal
> constraint < 0 variable
Equality constraint | URS variable
> 0 variable > constraint normal
< 0 variable < constraint
URS variable Equality constraint
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Use a Table and the Summary

Using a table (*=Not “normal”)

minw =
s.t.

X1?

8y1 + 5y2 + 4y3

4y1 + 2y, +8y3 = 12
7y1+5y2 +6y3 > 9
8y1 +5y» +4y3 <10
3yi+7y2+93 27

y1 > 0,0 URS,y3 <0

X2 ? X3 ? X4?

120 4
y2 urs(x) 2
y3 < 0(*) 8

5 5 7 |75
6 4 9 |74
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Use a Table and the Summary

Using a table
x1? PoXs x37 X4?
y12>0 4 7 8 3 <8
y2 urs(x) 2 5 5 7 |7
y3 < 0(x) 8 6 4 9 |74
12(x) >9 <10(x) >7




Use a Table and the Summary

Using a table
x1? PoXs x37 X4?
y1>0 4 7 8 3 /<8
yo urs(x) 2 5 5 7 | =5
y3 < 0(x) 8 6 4 9 |74
12(x) >9 <10(x) >7




Use a Table and the Summary

Using a table
x1? PoXs x37 X4?
y1>20 4 7 8 3 /<8
y2 urs(x) 2 5 5 7 | =5
y3 < 0(*) 8 6 4 9 | >4
12(x) >9 <10(x) >7




Use a Table and the Summary

Using a table
x1 URS  xp7 x37 Xy
y1 >0 4 7 8 3 1<8
y2 urs(x) 2 5 5 7 | =5
y3 < 0(x) 8 6 4 9 | >4
—12(x) =9 <10(x) >7




Use a Table and the Summary

Using a table
x1 URS x>0 x37 X3!
y1 >0 4 7 8 3 /<8
y2 urs(x) 2 5 5 7 | =5
y3 < 0(%) 8 6 4 9 | >4
=12(x) >9 <10(x) >7




Use a Table and the Summary

Using a table
X1 URS X2 > 0 X3 < 0 X4?
y1 >0 4 7 8 3 /<8
y2 urs(x) 2 5 5 7 | =5
y3 < 0(%) 8 6 4 9 | >4
=12(x) >9 <10(x) >7




Use a Table and the Summary

Using a table
X1URS XQZO X3§0 X4ZO
y1 >0 4 7 8 3 <8
y2 urs(x) 2 5 5 7 =5
y3 < 0(%) 8 6 4 9 >4
=12(x) 29 <10(x) =>7




Use a Table and the Summary

Using a table- Here are Primal and Dual

xxURS x>0 x3<0 x>0
y1=>0 4 7 8 3 <8
y2 urs(x) 2 5 5 7 _5
y3 < 0(x) 8 6 4 9 > 4
=12(x) >9 <10(x) =>7
maxz = 12x; + 9x2 + 10x3 + 7xs minw = 8y + 5y + 4y
sit. 4xi+Txo+8x3+3x < 8 st. 4y1+2y;+8ys =12

2x1 +5x0 +5x3 +7x4 =5
8x1+6x0 +4x3 +9x4 > 4

X1 UR57X2 > 07X3 < OaX4 > 0

Ty1 +5y2 +6ys > 9
8y1 + 5y» + 4y3 < 10
3y1+ 7y +93 >7

y1 >0, URS,y3 <0
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Example 2

Use a table to write the dual:

x1 >0 xp urs(x)

Y1 ? 1 1 = 2(*)
ya ? 2 -1 > 3(x)
maxz = 2xj + X y3 7! 1 -1 <1
st xp+x0=2 72 71

2X1 — X2 2 3

x1—x <1 x1 >0 xp urs(x)

x1 > 0,xp urs y1 urs 1 1 = 2(%)
¥ <0 2 -1 > 3(x)
ys>0| 1 1 <1

>2 =1

October 21, 2015 23 /24



Example 2

Use a table to write the dual:

x1 >0 xp urs(x)
y1 urs 1 1 = 2(x)
yp<0] 2 -1 > 3(x*
maxz = 2x1 + x2 >0 ) 1 S1()
st x1+x0 =2 ) —3
2x1 —x2 2 3 =
x1—x <1

minw = 2y; +3y2+y3
st yi+2p+y;>2
vi—y2—ys=1
yrurs,y2 <0,y3 >0

x1 > 0, xo urs
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