Summary of 6.7

Theorems

Lemma 1: Weak Duality

If x is any feasible point for the primal, and y is any feasible point for the dual, then z < w.
This line is important for the proof, and also gives some insight into what’s going on:

xTc <ylAx <y'b

Lemma 2: Strong Duality
Let x, y be any feasible points to the primal and dual, respectively, so that

c’'x=bly

Then, the solutions are optimal for their respective LPs.

Theorem: The Dual Theorem
Let B be an optimal basis for the primal. Then
y = (cgB™)"
is an optimal solution to the dual. Furthermore, the optimal values of the primal and dual

are equal (z = w).

How to Compute the Dual From Optimal Row 0

e Row 0 in the optimal tableau (of a max problem) is given by
' +ciB'A
e We talked about what the optimal Row 0 coefficients are in each of the following cases.

— For a slack variable, s;, the Row 0 coefficient is ¢5(B™'); = y;.

— For an excess variable, e;, the Row 0 coefficient is —cL(B™!); = —y;.
— For an artificial variable a;, the Row 0 coefficient (using big M) is c5(B™1); + M =
yi— M
Example

Consider the following LP and its dual:

max —2r; — T9 + T3 minw = 3y; + 2y + ys3
st @y +axe+a3 <3 st. Yy +y3 > —2
To+ 13 > 2 yr+y2 = —1
T t+wx3=1 y1t+y2tys>1
x>0 y1 >0, y2 <0, y3 URS



Here is the optimal tableau. You may assume that s; is the slack variable for constraint 1,
e1,aq are the excess and artificial variables for constraint 2, and a, is the artificial variable for
constraint 3.

Find the solution to the dual:

Ty To Tz S1 €1 a as | Ths
4 0 0 0 1 —14+M 2+M 0
1 0 0 1 1 —1 0 1
-1 1 0 0 -1 1 —1 1
1 0 1 0 0 0 1 1

SOLUTION: If s is the first slack variable, it started with column [1,0,0]. Therefore, we
can use the optimal Row 0 value for y;. In this case, y; = 0.

For ys, we can use either e; (the excess variable for the second constraint), or a; (the
artificial variable for the second constraint:

e Using ey, the value of yo = —1 (multiply the Row 0 value by —1).

e Using a;, the value of yo = (=1 + M) — M = —1 (subtract M from the optimal Row 0
value).

For y3, we must use as, and so we subtract M from it to get y3 = 2.
In summary, the solution to the dual is (in vector form) [0, —1, 2], and the excess variables
will be given by [4,0,0] (the numbers in Row 0 corresponding to the original variables).

A Note About Excess Variables

If the original problem is given by maxc”

variables so that the tableau becomes:

x such that Ax < b, then we will introduce slack

X |S1 S -+  Sn|Ths
—-cr'fo o .- 0 0
A Lnxm | b
Going to the optimal tableau, we get:
X S1 S9 -+ Sy rhs
—c'+cEB*Alys o -+ ym | c5B7'b
B~'A | B! | B'b

where
yT — Cngl

as proven in the Dual Theorem. Now, suppose we define the vector E as the vector of n
excess variables for the dual- E = [eq, ea, ... ,en]T. Then, in the dual we have the following

(substitute in the value for y):

Aly=c+E = E'=-c"+ciB'A



