Chapter 5

The Best Basis

5.1 Introduction

The problem we want to consider is this: We’re given p points in R". Find the “best” k—dimensional basis
for the data.
There are a couple of things that will make our job easier:

e We will assume that the data has been mean-subtracted, so that the mean is zero (in R").
e The basis is orthonormal (each basis vector is in R").

e To find the “best” basis will require an error function. We will then minimize it.

At the end of this section, you'll see that the best k—dimensional basis for your data (regardless of k)
is given by the first k eigenvectors of the covariance matrix, which are typically computed using the
Singular Value Decomposition (SVD).

5.1.1 The Covariance Matrix, Revisited

Suppose we have p data points in R", {®1,x2,...,2,}, and they are organized column-wise in an n X p
matrix X.

As we recall, the n x n covariance matrix for data in IR" measures the covariance between the data in
coordinate ¢ and the data in coordinate j. Using the nm X p matrix X, then define £ € R™ as the mean,
then the (4,7)'" entry of the covariance matrix is given by the following, where we're taking the covariance
between the " and j* row of X.

1 &
Cij = —= > (wa — &) (x5, — ;)
p—1i=

We will typically assume the mean is zero, so be sure and mean-subtract your data matrix before finding a
basis for your datal With zero mean,

|2
Cij=_——9 inkmg‘k
L

If we think of this computation in terms of the matrix X as in the figure below, we see that C;; can be
computed using a dot product between row i of X and column j of X7T:
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Therefore, we see that the n x n matrix C' can be computed one of two equivalent ways:
C L xx7 C ! zn: A
= — or = — TLT
p—1 p—1 &tk
k=1
Finally, we recognize that the covariance matrix is symmetric, so the Spectral Theorem applies. In
particular, there is an orthonormal matrix P and a diagonal matrix D so that

C =PDP"

where the columns of P form the eigenvectors associated with the diagonal elements of D (which are typically
written largest to smallest).

To connect this to the SVD of the data matrix X, if X is n X p (so that data is stored column-wise), and
we write the reduced SVD as:

X =Uvzv"
Then
c= L xxt- L ysyrystur —v (122> Ut
p—1 p—1 p—1
We see a relationship between the singular values of X, o;, and the eigenvalues of the covariance matrix, At
- Lot =

So far, we have defined a data matrix X, and we’ve looked at its covariance matrix C, and we’ve discovered
that the eigenvectors of the covariance matrix are the left singular vectors of the data matrix (when the data
is written column-wise and has been mean subtracted).

We'll be getting back to the best basis in a moment, but first we want to make a few more observations.

Projections and the Mean

Suppose you have your p data points in IR" that have not been mean subtracted, and you have a vector u
onto which we want to project the data.

First, if we project one point @ onto our (unit) vector w, then the projection is (" u)u, and the scalar
projection is the number (x?w). Similarly, projecting all the data gives us p real numbers (the scalar

projections):

T

{’U,Tilil, UT(EQ, ey uT:np}
so the mean of the projected data is given by

1 T x oot x
f(uT:c1+uT:82+...+uTa:p):uT( Lt &2+ * p):uTﬁz

p p

Therefore, the mean of the projection is the projection of the mean. In particular, if the mean of a

data set is zero, and the data is projected to a vector (or subspace), then the new mean is also zero.
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Projections and the Variance

In the last section, we saw how the mean and the projection interacted. In this section, let’s see how the
variance is affected. We'll keep our previous general data set, p points in R", and we’ll suppose that the
data has zero mean in IR". By what we showed, the scalar projections would also have zero mean.

If we project the p vectors onto an arbitrary unit vector w, and consider the scalar projections, then
the resulting variance (in the direction of u will be:

1 <& 1 <& 1 <&
SZ = m ;(uTa:k)z = ]ﬁ ;ukam{u =uT <p—1 ];a:k:ckT u=1u’Cu

This is actually a very key quantity, and will come up in the next section. We will look at this quantity
more closely in a bit, but let’s look at what happens in one special case: Suppose that u is an eigenvector
of the covariance C' corresponding to the first eigenvalue, A\; using our previous notation. Then:

uTCu = uzjlu = Xl

Therefore, if we project all the data to the first eigenvector of C', the new variance will be the first eigenvalue
of C.

Reconstruction Error and the Basis
Given a specific vector € R" and an arbitrary orthonormal basis, ¢, ¢, ..., ¢,,, we can write
T =(f1a)py + (dr2)s + ... + (D7),
so that the magnitude of & can be written as:
2] = (¢72)* + (3 2)* + ... + (dp2)*.
We can use the same algebraic manipulation that we used in the last section to rewrite this as:
|z = g7z §y + ¢ zaT dy + ... + Pz’ .
We can break this up and define the error using one vector ¢y:
] = ¢1 " ¢y + ||Tere |
Now do this for all p data points. For any single vector ¢;, we sum these together:

T
lz1|* = ¢ z12] ¢y + [l

a2 |? = ¢ zozaT By + (|||

T
lz,ll* = o1 apm, "y + 2L

p P p
S e = o (z ) Bt 3 o)
k=1 k=1 k=1

We can multiply everything by 1/(p — 1) to make things work. That is,
1 & 1 &
T
jZHwkHQ = C¢)1+jZHw£’§2H2. (5.1)
p k=1 p k=1
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In light of this equation, let us now define an error function using an arbitrary orthonormal basis, ¢4, ..., ¢,,.
The error we get when using a one dimensional representation of our data is given by

1 Z” N
E(¢27"'7¢n) :p—l Hmérr)”z'
n=1

Notice that the left side of Equation 5.1 is constant (it is the sum of the magnitudes of all the known data).
Therefore, minimizing the error function (the second term) is equivalent to maximizing the first term,

el
Here now is our algorithm for find the “best” basis:
1. Find the unit vector ¢, so that ¢! C'¢p, is maximized.

2. We “project out” this vector so that the i*" data point now becomes:

2 = 2 — Proj, (@)

3. Re-compute C.
4. Repeat from Step 1 until we have enough basis vectors.

In practice, we will not need to do this- there is an easier way!

5.2 The Best Basis and the Eigenvectors

We have shown that finding the best basis reduces to maximizing the quantity:

¢’ Co
max T,
$£0 ¢ @
where we divide by the magnitude (squared) to enforce the fact that we want a unit vector, and we want to
stay away from the zero vector.

We know that the eigenvectors of the covariance matrix form an orthonormal basis for R", so we can
write any vector as a linear combination of them:

¢ =civ1+cva+ -+ v, =Ve
Using the eigenvector-eigenvalue factorization C' = VDV”, we can now write the numerator as:
¢"'Cop=Ve) (VDVT)(Ve) =" (VIV)D(VTV)e=c"De= i\ + B+ + 2N,
Similarly, the denominator is:
pop=ci+c3++c2
Let’s look at the coefficients of our expansion now. For \;, the coefficient in front is

2
G

Ad+d+--+a

pi =

where p; > 0 and Y. ; p; = 1 (like a probability distribution). Let’s summarize where we are. We now see
that maximizing ¢’ C¢ is equivalent to choosing p1, p2,- - - , pn S0 that each p; > 0 and they sum to 1, to
maximize the quantity:

p1A1+ p2Ae + -+ pudn
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It is easy to see that, if the A\; > 0 and are ordered from largest to smallest, then:
An < p1AL + p2do 4o 4 ppdn <AL

To maximize our given quantity, we set ¢; = 1 and the rest of the coefficients to zero. This leads us to our
T

¢ co
b ¢

corresponding to the largest eigenvalue of C. This is summarized by the theorem below:

main conclusion. The vector ¢ that maximizes the quantity max g () is given by v, the eigenvector

The Best Basis Theorem

Given p points in R", the best k—dimensional basis is found by taking the first k eigenvectors of the covariance
matrix C. Equivalently, given the data in an n x p matrix X, the best k—dimensional basis is found by
taking the first k£ columns of the U, the left singular vectors of the SVD of X. Further, this is the “best”
basis for k = 1,2,...,r, where r is the rank of X.

Speaking of Rank...

We discussed this briefly in an earlier section, but it is worth thinking about again.

It is useful to look at the rank as that number of basis vectors required to preserve some percentage of
the variance in the data. From our previous section on the covariance matrix, we had a relationship between
the eigenvalues of the covariance matrix, \; and the singular values of X:

1 a
p— 102’2 = )\i
so normalizing the set of eigenvalues is equivalent to doing it to the squared singular values:
2 12
Ai 717 o}

Ai = I T ISw 1 2 \wm _2
Z?:l Aj Zj:l p—19j Zj:l gj

Now the \; are positive and sum to 1. The idea is to keep enough dimensions r so that

T r—1
Z)\Z‘ZT but Z)\¢<T.
=1 1=1

In this case, we would say that it takes r dimensions to explain or encapsulate 7 percent of the variance in
the data.

What should 7 be? This is problem dependent. In some very noisy problems, you may only want to keep
7 =~ 0.6, while with very little noise, you might take 7 ~ 0.99.

5.2.1 The Dimensionality Reduction Step

Once we have our k basis vectors, what do we do with them? First, we create our low dimensional represen-
tation of the data. Initially, the data represents p points in R", and we want to reduce that to p points in
R*- These are the coordinates of each point using our k—dimensional basis. That is, if UX V7T is the svd of
X (mean subtracted), then the k dimensional data is created by the following, where U is n x k, X is n X p,
and the low-dimensional representation X.oords is k& X p.

Xcoords = UTX

Especially if £ = 2 or £k = 3, we can then plot the low dimensional points in the plane or in 3-d. The
“reconstruction” of the data is the representation back in IR" using the k basis vectors.

chcon == UXcoords = UUTX

Remember that earlier we said that UTU = I, but UUT is the projection matrix taking data in R"™ and
projecting it into the column space of U (so X # UUT X unless the columns of X are already contained
within the column space of U).
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5.3 Connecting to Principal Components Analysis (PCA)

In PCA, the principal components are defined to be a sequence of k direction vectors, where the i*" vector
is the direction of a line that best fits the data while being orthogonal to the first i — 1 vectors®.

You can see that the principal components of set of data are then equivalent to the k basis vectors we’ve
constructed (the first k eigenvectors of the covariance matrix). While PCA and the best basis are the same,
you will typically hear the language of statistics used in PCA, while we use the language of linear algebra in
constructing the best basis.

5.4 Exercises

Before doing the computer problems below, you should write down (using linear algebra notation) what
computations you want to make. If you have questions (especially with the coding), I'm happy to help.

1. Suppose we have p data points in R". Show that the variance of the data, projected to a standard
basis vector e;, returns the usual variance for the data in that dimension. (I want you to look back at
the computations we made for this in the text, “Projections and the Variance”).

2. Suppose we have two o.n. vectors u,v € IR". Given our p points in R", compute the covariance
between the data projected to w and the data projected to v, and (i) show that the result is

ul'Cv
(ii) In the special case that w,v are eigenvectors of the covariance matrix, how does this quantity
simplify?

3. Suppose we have 4 points in R® as organized in the matrix X (left and below), and let ¢, =
(1/v/3)[1,1,1]7. Use a computer (Octave/Matlab, Python or R) to compute the three quantities
given in the formula to the right and below. In your script, be sure you're actually computing the
covariance matrix and each quantity separately.

1 2 -1 3 1 P 1 P
X=| 00 1 1], Dl = o7 Cpy + — > .
-1 1 21 Lt p=43

4. Using the data (and vector ¢;) in the previous exercise, compuationally verify our statements: The
projection of the mean is the mean of the projection, and the variance of the data projected to ¢ is

@1 Coy.

5. Verify numerically that the variance of the projected data to the first best basis vector (first one) is
given by the first eigenvalue of the covariance matrix. (Careful- if you use the eig command, the
eigenvalues are not ordered).

6. Continuing with the data from Problem 3, if we retained two of the basis vectors, how much variance
(as a percentage) is “explained” by them? (This refers to the discussion in the text about how to
compute the rank).

7. Load the clown data, we obtain a matrix X that is 200 x 320. Treat this as 320 vectors in R??.

(a) Double center the data in X (call the result X,,).
(b) Find the best two dimensional basis for the vectors in X,,, then project the data to two dimensions
and plot the result.
(Question to think about, you don’t need to answer: Did you expect a pattern or not?)
(c) Reconstruct the data back in IR**, and show the result as an image (don’t add the means back
in).
1Wikipedia, pulled March 2021
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