Extra Practice:
Solve the Wave Equation, one free, one fixed

NOTE: It would be better to use d’Alembert’s solution (which is covered later). This is only
for practice manipulating these series when separating variables.
The PDE we consider is:

PDE  wuy = Py, O<ax< L
BCs wu(0,t) =0, wu,(L,t)=0
ICs  wu(x,0)= f(z) wl(z,0)=g(x)

We'll solve using separation of variables:
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u=XT = XT"=cX"T 7= %

Therefore, splitting the ODEs up, we have:

T" + AT = 0 X"+ AX =0
X(0) =0, X (L) =0

T(t) =0 A=0|X(@) =0

A< 0| X(z) =CreV=" 4 CheVAE
X0)=0,X(L)=0 = X(x)=0

A> 0| X(x) = Cpcos(vAz) + Cysin(vAx)

Finishing up this last solution in X, T, we see that for X,
X0)=0 = ;=0
For the other end, forn =1,2,3,- -,
X(L)=0 = VACcos(VAL) =0 = VAL= (2”;1)”

Therefore, the eigenvalues and eigenfunctions are:

(@Cn—1)m ? o (@Cn—=1)rm
An = <2L> : X,(z) = sin <2L x>

For time, we have:



so that

T(t) = A, cos <(2712—L1)7rc t) + B, sin (QH;LDWC t)

The general solution is:

u(z,t) = ilsin <W x) (An cos <(2n2—Ll)7rc t) + B, sin ((2n2—1)7rc

To solve for the coefficients, we go back to the initial conditions:

u(z,0) = iAn sin <(2712_Ll)7r x) = f(z)

Therefore, these coefficients are the Fourier cosine coefficients for f(z):

2 L 2n —1
A":Z/o f(x)sin(WTw) dx, forn=1,2,3,---

Similarly,
(2n — )7

w(,0) = 3 B, sin <2L x> = g()

Therefore,

om —1 2 (L 2n—1
p,2n e _2 g(x)sin<(n)7rx> d, forn=1,2,3,---
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