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An exploration of the Bessel functions as basis functions

We want to examine how it is that J_m( sqrt(\lambda) r ) can form a basis with fixed 
m.  In this worksheet, we look at the Bessel function of order 0 (we'll fix the radius to
be:  0<r<1 instead of generic "a"):

  (i)  There are n-1 zeros in the interval from 0 to 1.
 (ii)  We form a partial expansion of a function to see if it is "close" to the original.

The family of functions is indexed by the zeros of the Bessel function, so we'll get 6 
of those first:

k:=5; NumFuncs:=20;
A:=seq(evalf(BesselJZeros(k,n)) ,n=1..NumFuncs);

Plot some of the functions, indexed by 1, 2, 3 (then 4, 5, 6)

p l o t ( [ B e s s e l J ( k , A [ 1 ] * x ) , B e s s e l J ( k , A [ 2 ] * x ) , B e s s e l J ( k , A [ 3 ] * x ) ] , x = 0 .
. 1 , c o l o r = [ r e d , g r e e n , b l u e ] ) ;



>  >  p l o t ( [ B e s s e l J ( k , A [ 4 ] * x ) , B e s s e l J ( k , A [ 5 ] * x ) , B e s s e l J ( k , A [ 6 ] * x ) ] , x = 0 .
. 1 , c o l o r = [ r e d , g r e e n , b l u e ] ) ;
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You'll note from the graph that the nth function has n-1 zeros (do not count the 
endpoints)

Now we'll compute the first 6 coefficients to a Bessel series expansion.  In this 
example, the function we'll represent is F(r)=sin(2\pi r)

After computing the coefficients, we'll plot the partial sum to see how close it is.

F : = s i n ( 2 * P i * r ) ;

for m from 1 to NumFuncs do
  C o e f f s [ m ] : = e v a l f ( i n t ( F * B e s s e l J ( k , A [ m ] * r ) * r , r = 0 . . 1 ) ) / i n t (  
( B e s s e l J ( k , A [ m ] * r ) ) ^ 2 * r , r = 0 . . 1 ) ;
end do;
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m:= 'm' ;

G:=sum(Coeffs[m]*BesselJ(k,A[m]*r),m=1..NumFuncs);

p l o t ( { G , F } , r = 0 . . 1 ) ;
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p l o t ( G - F , r = 0 . . 1 , t i t l e = " E r r o r  b e t w e e n  t h e  f u n c t i o n  a n d  t h e  p a r t i a l
sum" ) ;
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