Summary of Eigenfunctions for Homog BCs (Corrected)

Given: X" + XX = 0 on the interval [0, L] with the following sets of boundary conditions (BCs):

BC1 BC 2 BC3 BC 4
X(0)=0 X(0)=0 X'(0)=0 X'(0)=0
X(L)=0 X'(L)=0 X(L)=0 X'(L) =0

In each situation, we find the eigenvalues A, and the eigenfunctions X, (z).

BC 1: (Homogeneous Dirichlet) In this case, we obtain

An = (%)2 X, (z) = sin (?), forn=1,2,3,...

This leads to the Fourier sine series for f(z) on [0, L]:
x) = ; by, sin (?) where b, = T /0 f(z)sin (%) dx

BC 2: In this case, we obtain

_(@n—-Dr\® . (@Cn—Dmz B
/\n—< 5T X, (x) = sin 5T , forn=1,2,3,...

This leads to the Fourier sine series (with frequencies at odd multiples of w/2L) for f(x) on [0, L]:

1)7ra: 2 [ . ([ (2n—1)mx
E by, sin ( ) where b, = Z/o f(z)sin (2L dx
BC 3: In this case, we obtain

Ao = (M)Q Xo(z) = cos (Q”‘l)”"”) forn=1,2,3,...
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This leads to the Fourier cosine series for f(z) on [0, L], and remember that A # 0 in this case.
(2n—1 (2n—1
Z a,, COs < il 5T )mn) where a,, = —/ flx < i 5T )W:E) dx

BC 4: (Homogeneous Neumann) In this case, we obtain

Ao =0 Xo(z) =

An = (7%)2 Xn(x)fcos( ), forn=1,2,3,.

This leads to the Fourier cosine series for f(z) on [0, L]:
=0, i ap, COS (@) where a,, = 2 /L f(z)cos (@> dx
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Recall that in each case, eigenfunctions corresponding to distinct eigenvalues are orthogonal. Also recall
the full Fourier series on the full interval [—L, L]:

—|— Z a,, COS ( ) Z b,, sin ( ) with
L nmwx . mr
ap, = %/Lf(x) cos (T) / f(z sm ) dx




