Introduction to Chapter 4

The big question we want to ask: If f(z) is represented by its Fourier series as F'(z), do we get the Fourier
series of f’(x) by differentiating F'(z)? Let’s be more specific with an example:

First we compute the Fourier sine series for f(z) = = on [0, 1], then we differentiate both sides with
respect to x:

X~ Z B, sin(nmz) = 1~ Z B, nmcos(nmx)

n=1 n=1

n+1
We’ll show below that B, = %, but substituting it in now, we should get the Fourier series for the
derivative.

o0
1~ Z 2(—1)""! cos(nmz)
n=1

There are several problems with this- The first is that the Fourier cosine series of the derivative f/(z) =1
should be F'(x) = 1. The second thing is that the terms of the sum on the right do not go to zero as n — oo,
so the sum does not even converge (by the way, at x = 1, the sum equals 0). What happened? We’ll discuss
that below, but first let’s include the details that we left off previously.

Computing B,
1
xsin(nrz) dx
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Integrate by parts:

+ =z sin(nmx)
— 1 —cos(nmx)/(nm)
+ 0 —sin(nmz)/(n*n?)

nmw n2m?

xcos(nmx)  sin(nmz)
nm

1:<_COS(W>+0>+(0—0):_COS(”“)

Using cos(nm) = (—1)", we then get

so that the Fourier series for f(xz) = « is given by:
o0
2(71)n+1 )
~ ———s
x 7; s in(nmx)

Back to the Derivative

If f(x) has a sine series, what should the series of its derivative be? Let’s examine that closer:
f(z) iB sin (mrx) here B 2 /L f(x)sin (nmj) dx
~ n —F w. n— 7 7
— L L J, L

We can compare the two forms for the derivative- One by differentiating term by term, the other by looking
at the cosine series for f'(z). (Remember that our goal is to understand the relationship between B,, and
A,, in the series below).



o If we differentiate the sine series term-by-term, we get:

f(x) ~ 3 nfﬂBncos (?)

n=1

e If we look at the cosine series for f/(z) directly, we get:

f(x) ~ % + i A, cos (%)

n=1

where
o

L L
f;():;z/o f/(;[;)dx:%/o f(x)de = llLf(x)O Zf(f(L>_f(0))

Therefore, if L =1 and f(z) = z, this becomes: Ay/2 =1 (as desired). For the other values of n,

2t nmx + cos(nmz/L) f'(x)
An = L/O f(=) COS( L ) dv = _ —(nma/L)sin(nrx/L) f(zx)

After integration by parts,

A, =

nw nw [ nuw
(f(x) cos (T) ‘OL + T/o f(x)sin (T) da:]

2 (F(E) costnm) — F(0)) = 2 (F(L)(-1)" ~ (0))

2
L

The first term is:

and the second term we can write in terms of B,, since B,, = %fOL f(z)sin (%) dx. Putting these
together, we get our final result:

This occurs when f(0) = f(L) = 0, in which case the Fourier sine series is continuous (if f is continuous on
[0, L]).

SUMMARY: If the Fourier sine series is continuous, then it is valid to differentiate the sine
series term by term.

What about the cosine series?

What happens if f(z) has a cosine series? Let’s go through the same arguments as before and see what
happens. Take

77/7T£L'>

flx) ~ Ag + Z A,, cos (—
n=1

T A, = 12;/0L f(x) cos(nmz/L) dx

Again compare the two forms for the derivative- One by differentiating term by term, the other by looking
at the sine series for f'(z).



e Differentiating term-by-term, we get:
nmw nwx
! .
)~ — g — A, sin (—)
f( ) — [ n [

e Looking at the Fourier sine series of f'(x), we get:
f(x) ~ iB sin (@) ~ B,=2 /L f!(z)sin(nrx/L) dz
n=1 ! L ! L 0

Now, if term-by-term differentiation is valid, we should see that B,, = —EAR
Now we work it out by using integration by parts for the integral representation of B,:
2 [, . (N + sin(nmaz/L) 1 (x)
Bn = Z/O f(@) sm( L ) dv = _ (nw/L)cos(nmz/L)  f(x)
Integrating by parts gives us:

nm 2

; L
B, = 7 (f(z)sin(nwa/L)|, — Tf/o f(z)cos(nmz /L) dr = —

nm
T

This seems to always be the case! Let’s summarize and expand on what we have found using the next three

theorems.

Theorem (Fourier series)

o If f and f'(z) are PWS, and f(—L) = f(L), then the full Fourier series can be differentiated term by
term.

e Alternatively, if the Fourier series is continuous and f’ is PWS, then the series can be differentiated
term by term.

Theorem: Fourier Cosine Series
e If f, f/ are PWS on [0, L], then the Fourier cosine series can be differentiated term by term.
e Alternatively, if f' is PWS on [0, L] and the Fourier cosine series is continuous, then the series can be

differentiated term by term.

Theorem: Fourier Sine Series
o If f, f/ are PWS on [0, L], and f(0) = F(L) = 0, then the series can be differentiated term by term.
e Alternatively, if f’ is PWS and the Fourier sine series is continuous, then the series can be be differen-

tiated term by term.

e The general formula for the derivative of the FSS: f(x) ~ Z B, sin (?) is then
n=1

Flw)~ L) = F0) + 3 {nLWBn F (1) HE) - f(O))] cos ("77)



