Problem Set 9 (5.1, 5.2)

51:1,4,8. 52:5,6,9

5.1.1
5.1.4

5.1.8

(Solution in the back of the book)

Solve:

—2u, +6u, =0 N § =x ~ Us =ug-1+wu, 6
uw(dy,y) =2y+1 n =6x+ 2y uy, =0+u,- 2

—2u; +6uy, =0 = wu=0 = wul&n) =9n = ulzy) =g6r+2y)

Using the “initial condition”, we have:

1
u(dy,y) =g(26y) =2y +1 = g(z)=—5z+1

T 13
Overall then, the solution is
1
u(@,y) = 75(60+2y) +1
Solve:
Uy + duy —2u = e" Y N £ =x L W =ue-1+u,- -4
u(z,0) = cos(z) n =4xr—y uy, =0+u,-(-1)

Uy + 4uy — 2u = et = Ug — 2u = ETMAE—) — P
The integrating factor is e, so that we get:
1
(e_zsu)g =¥ = ey = ge?’ge_" +g(n)

Therefore,

1
u(é,n) = §e5§ 7+ g(n)e*

or, returning to x, y:
1
u(w,y) = e + g4z — y)e*”
Using the “initial condition”, we have:
1
u(z,0) = cos(x) = ge”" + g(4x)e*

Therefore,

g(4z) = (COS(CE) - ;ex> e = g(z)= <Cos(z/4) — ;ez/‘l) e—22/4

Overall then, the solution is
1
u(w,y) = e + g4z — y)e*

(It doesn’t simplify by much if you want to substitute in for g, but this is fine).

1



0.2.5

0.2.6

Solve
uy + 3r*u, —u =0 dr dy

= @ —=_=
u(2,y) =3y+1 1 322

Solving the ODE, we get 22 —y = C, so our change of coordinates is given by

32% de = dy

£ =ux L W = ue - 1+ 32%u,

= 3z2u, =
n =a—vy uy =0—u, U T ST Uy = U

Therefore, the PDE becomes:
ug—u=0 = ul&n)=gme = ulzy) =g’y
Using the initial condition,
u2,y) =98 -y =3y+1 = g(8—y)=By+1)e”
g(2) = (3(8 = 2) + 1)e? = (25 — 32)e 2
Now, u(z,y) = g(z> — y)e ™, so

u(z,y) = (25 — 3(z® — y))e* % = (=32° + 3y + 25)e* 2

Solve
Uy + U, =2y

u(w, 2z + 22/2) =5z =

=— = zdr=dy

Solving the ODE, we get % —y = (', so our change of coordinates is given by

& ==z L U = Ug + TUy,

n :w2/2_y u, :O_u77 = Um‘i‘wuy:Ug

Therefore, the PDE becomes: ug = 2*y, which we need to change into &, 7. From the
equation for 7, we get:

x? 1
n=2/2-y = y=7-n=3-n

Therefore, 22y becomes
1 1
2 2 4 g2
_ _ = _ _
3 <2€ 77) 58 &
The differential equation is:
Ly e L5 1
= — — = — — =
ug = 5€ =& u= 158~ 58+ 9n)
Now the solution is:
1 1

1 1
u(z,y) = ExS — gﬂf‘”’(wz/2 —y)+9(@*/2—y) = —Bf’ + gwsy +g(2*/2 —y)



Using the initial condition to determine g, we have

1 2
u(r, 2z +2°/2) =5r = —2°+ -2t +g(—27) =5z

10 3
Therefore,
Ly, 15 2 3 4 3
br = —g¥ T3 2z +2%) + g(—2x) = —gd tet g(—2x)
And we have:
3 4 3 3 4 3
g(—2x) = gx —z’+b5x = g(z)= g(—z/Q) — (=2/2)° +5(—2/2)

This doesn’t simplify much, so we’ll leave it at that, and our solution is:

1 1
u(z,y) = T0$5 - §x3($2 —y)+g(z*/2 —y)

5.2.9 (Not graded)
Uy + 2uy +3u, =0
u(z,y,0) =xy

Given au, + bu, + cu., we're told that we need to solve the system of ODEs:

de _dy _d:
a b ¢

We're also told to solve the first equation for hy(z,y):

d d

Zx:% = br—ay=C = hi(z,y)=2z—y
And g J

ToE S a—az=C = ho(z,y) =32 — 2

a c

Now we have the change of coordinates: xi, eta and zeta:

£ =z
n =2r—y
( =3z—z

Let’s see what happens to our derivatives now:

Uy = Uy + UMy + UcCy Uy = Ug + 2uy + 3uc
wy =ugly tuyny +ucCy =  uy, =0—wu,+0
Uy = uely +upn, +ucC, u, =0+0—uc



Therefore, u, + 2u, + 3u, = u¢, and the differential equation becomes:
ue=0 = u(&n,¢) =g
Following along, we have the solution:
u(z,y,z) = g2z — y,3z — 2)
Now, u(z,y,0) = g(2z — y,3z) = xy. If w; = 2z — y and wy = 3z, then

w Wy , W 2 1
g(wy, we) = ?2(21‘ —wy) = ?2(2?2 —wy) = §w§ — gwgwl

Now we back substitute 2x — y = wq, 3x — 2 = wq to get
1 2 9
u(z,y,z) = —5(21’ —y)(Bx —2) + §(3x —2)
NOTE: The book uses z — 3z instead of 3x — 2, and notice that they have:
1 2 9
u(,y,2) = (20 —y)(z = 32) + 5(z — 32)

so our solutions are equivalent.



