Laplace Transforms Review Solutions

1. Compute transforms from the definition:
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2. Compute transforms (using the table)
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(e) Use Table #14, with f(t) = d(t — 3), so e 3071,

(f) Let f(t—4) =12, 50 f(t) = (t+4)% e (F 4 5 + 1)
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3. Invert the transforms:

(a) First rewrite as (ES—_l so 2eV2 cos(v/2t) + e *sin(v/2t)

2)2 +2°
(b) Via partial fractions: et — 3e™3! + 3¢
(C ; 73tt2
(@) upft)[2e202) 4 200

Jo 2(t = A)?sin(X) dA, or 1% xsin(t)

Rewrite to get: 3,555 (s i 2 s+ \1}(5 ‘4/)§+3, so we get: 3e* cos(v/3t) + 12 et sin(v/3t)
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4. Solve the diff. eqn:

(a
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(b) —3e™ 3t +te™3

(c) 382+t —3+e (3 cos(t) — 3 sin(t))

(d) j9e* —2 cos(3t) o sin(3t)

(e) Let h(t) = 5+ + 1—12€3t+ 1e~" Then the solution is: y(t) = ui(t)h(t—1) — je¥ + fe "

(f) e*(2t — 6) + e'(t* + 4t + 6)
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(g) The Laplace Transform should yield:
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and s — 1 divides s* + 5 — 2. y(t) = -1 + e 2t (%14 sin(gt) — %cos(?t))



(h) 3sin(2t) + %Ug (t)sin(2(t — 7))
(i) y(t) = 332, usnk(t) sin(t) Note that this is:
sin(t), 0<t<2rm
2sin(t), 27 <t <d4drm
y(t) = 3sin(t), 4m <t <67

5. Miscellaneous:
(a) Recall that [;°d(t —¢)f(t) dt = f(c), so this is sin(37/2) = —1.
i t =t —sin(t)

(b) L(Sln<t) * t) = s2(s241) — s2 sz}l-l
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Let uy =t —T,uy=1t—2T, uz =t — 3T, etc. to get:
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which, when factored, yields:
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The sum in the brackets is a geometric series, so when we sum it we get
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For example, if f(t) = sin(t), then 7" = 27, and
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so we get the normal table entry.

(d) L(ty") = —=L((—t)y'(t)) = —F'(s), where F(s) = L(y/(t)). so we get:
Lity)  =-%LW)
= — (Y —»(0))

=—sY'(s) = Y(s)

so taking the Laplace transform of the differential equation will yield
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which is a linear differential equation, with an integrating factor: s e% % s0 we get:

(s?’e%lszY), = _315(3%152

from which YV = %, so y(t) = 5t2.
. Characterize all solutions: We solve by our old method of getting the homogeneous
and particular solutions (see the handout on discontinuous forcing functions for more
details).
cos(2t) + 3§ sin(2t), 0<t<1
Z/(t) = : 1
c1¢08(2t) + cosin(2t) + 7,6 >1

. Define the delta function:
t—c) = }Lir%dh(t —¢)

where
L c—h<t<c+h

du(t — c) :{ 2h’

0, otherwise

Iy (t) = 0(t — ¢), what is y(t)?
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